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HEAT AND MASS TRANSFER TO 
A GAS-FLUIDIZED BED 
OF SOLID PARTICLES 

by 

Edward N. Ziegler 

SUMMARY 

The mechanism of heat and mass transfer from an exchange surface 
to a fluidized bed of solid part ic les has been studied. The work is subdivided 
into three interrelated par ts . 

In Pa r t A, simultaneous heat and mass t ransfer experiments from 
the surface of a sphere a re described for comparable situations in a gas 
s t ream and a gas-fluidized bed of solid par t ic les . The systems were chosen 
so that the fluidized part ic les would have capacity for heat t ranspor t but not 
mass t ransport . It was found that solid part ic les in the fluidized state in
creased heat t ransfer 10- to 20-fold, whereas mass t ransfer was increased 
only 1 y to 2 t imes. On the basis of the unique property of the part ic les for 
heat t ransport , and assuming analogous heat and mass t ransfer in the gas 
phase, it was concluded that in any mechanism of heat t ransfer in the fluid
ized state, 80 to 95 percent of the transfer must be accounted for by part icle 
t ransfer . The remainder may be accounted for in a path solely in the gaseous 
phase. 

In Pa r t B the resul ts of measurements of heat t ransfer coefficients 
from a porous sphere and a cylindrical heater to a bed of solids fluidized 
in an air s t r eam are presented. The solid part ic les varied only in their 
thermal proper t ies . The heat t ransfer coefficient was found to increase with 
heat capacity of the solid and was independent of the thermal conductivity of 
the solid. A model which predicts the observed relation of heat t ransfer coef
ficient to the thermal proper t ies of the solid was utilized. This model is 
based on part icle heat absorption and utilizes a s tat is t ical distribution of 
par t ic le residence t imes . Par t ic le residence times back-calculated from the 
model agree with residence t imes observed experimentally and calculated 
from simple theoret ical models. A maximum Nusselt number of 7.2 is p r e 
dicted for any fluidized system satisfying the assumptions of the model. 

In Pa r t C the mass transfer data for diffusion from an internal sur 
face to a fluidized bed obtained in the f irs t two par t s a re analyzed. A cor
relat ion based on dimensional analysis accurately predicts Sherwood numbers 
for t ransfer from a stationary sphere to a fluidized bed of nonadsorbing 
par t ic les . A model is proposed to describe the more general case of a bed 



of a d s o r b i n g p a r t i c l e s . The m o d e l i s found to a g r e e wi th p u b l i s h e d da ta in 
t h o s e c a s e s in which a d s o r p t i o n r a t e s a r e h i g h e s t . D i s c r e p a n c i e s a t l o w e r 
a d s o r p t i o n r a t e s a r e a c c o u n t e d for . 

P A R T A 

SIMULTANEOUS HEAT AND IvIASS T R A N S F E R T O A 
F L U I D I Z E D BED (HEAT T R A N S F E R MECHANSIM) 

I. N o m e n c l a t u r e - P a r t A 

C Hea t c a p a c i t y of g a s , B t u / l b - ° F 

Dp D i a m e t e r of s p h e r e , ft 

D £ D i a m e t e r of f lu id ized p a r t i c l e s , in. 

D^ G a s diffusivity, f t ^ h r 

e Bed void f rac t ion , d i m e n s i o n l e s s 

G Super f i c i a l gas ve loc i ty , I b /h r - f t ^ 

Gg A v e r a g e gas ve loc i ty b a s e d on void a r e a of bed, I b / h r - f t ^ 

h r Rad ia t i on hea t t r a n s f e r coeff ic ient , B t u / h r - f t ^ - ° F 

h(. T o t a l hea t t r a n s f e r coeff ic ient , B t u / h r - f t ^ - ° F 

l^c '^t " l^r = E x p e r i m e n t a l hea t t r a n s f e r coef f ic ien t of 
m e c h a n i s m s o the r than r a d i a t i o n , B t u / h r - f t ^ - ° F 

hj. Hea t t r a n s f e r coeff ic ient for f i lm convec t ion in a b s e n c e of 
f lu idized p a r t i c l e s , eva lua ted a t Gg of f lu id ized bed, 
B t u / h r - f t ^ - ° F 

kg M a s s t r a n s f e r coeff icient , I b - m o l e s / h r - f t ^ - a t m 

^ . E x p e r i m e n t a l m a s s t r a n s f e r coeff ic ient , k g P a M a , I b / h r - f t ^ 

ky M a s s t r a n s f e r coeff ic ient in a b s e n c e of f lu id ized p a r t i c l e s , 

eva lua t ed f r o m Equa t ion 5 a t Gg of f lu id ized bed, I b / h r - f t ^ ' 

Ma M o l e c u l a r weight of a i r , I b / l b - m o l e 

Nu ( h c D p / a ) 

Nu ' ( k y D p / p D v ) 

P ^ A v e r a g e p a r t i a l p r e s s u r e of a i r , a t m 

Pg S a t u r a t i o n p a r t i a l p r e s s u r e of w a t e r v a p o r , v ap o r p r e s s u r e 
c o r r e s p o n d i n g to tg, a t m 

Pg P a r t i a l p r e s s u r e of w a t e r vapo r in the a i r , a t m 



(p - P„)__ Logari thmic-mean part ia l p r e s su re difference, a tm 

P r Cpfj/a 

q, q , q£ Rate of heat t ransfer at interface, by part icle t ransport , via 
gas film, Btu/hr-ft^ 

Re (GDp/^) Reynold's Number based on superficial gas mass 

velocity 

Sc n/pD^ 

Bulk gas tempera ture , tempera tures at surface of sphere, °F 

Logari thmic-mean tempera ture difference, °F 

Mass transfer ra te , Ib-moles/hr-ft^ 

h-
(^g 

w 

' s 

- t s ) m 

Greek 

a 

M 

P 

X 

Gas thermal conductivity, Btu/hr-f t -°F 

Gas viscosity, Ib/hr-f t 

Gas density, Ib/ft^ 

Latent heat of vaporization of water, Btu/ lb-mole 

II. Introduction 

The phenomenon of heat t ransport in fluidized beds has been the 
subject of numerous studies in recent years . Of part icular in teres t is the 
heat t ransfer between the bed and an internal or external surface. The r e 
sults of work on this topic have been summarized extensively by Zenz and 
Othmer.(26j A review by Botteri lUl/ includes all but the most recent 
l i te ra ture . 

Several of the early investigators verified the improvement in heat 
t ransfer obtained with fluidized beds and offered accompanying rationales in 
the form of mechanisms of t ransport . For instance. Leva £t al .(°"10/ ^nd 
Dow and Jakob(3j suggested that the increase in heat t ransfer was probably 
a consequence of the scrubbing action of part ic les against the t ransfer sur 
face. This action was thought to disturb the gas film and hence decrease 
its res i s tance to the flow of heat. In later presentat ions, such as those of 
van Heerden £t al,(18.19) Wicke and Hedden,(25) Wicke and Petting,(24) 
Mickley and Fairbanks( l 1 • 12) and Ernst , '4) mechanisms were developed 
that appear to be more credible in explaining heat transfer improvement 
of the magnitude experienced. 

Although there a re some differences in these suggested models, com
mon factors may be summarized as follows. The fluidized par t ic les a re 
visualized as a packet (i, e., a closely locked assemblage of par t ic les) moving 



from the core of the bed to the part icular boundary surface, absorbing or 
giving up heat, depending upon the relative tempera ture of the surface, and 
then returning to the core of the bed. The inters t i t ia l gas serves as a s t i r 
ring agent and as a heat transfer medium between the par t ic les and the sur
face. In a recent ar t icle by Botteril l £t_al. ,(1^^ it was shown that a single 
part icle residing at a transfer surface absorbs a large quantity of heat in a 
short time by virtue of its relatively large volumetric heat capacity. 

The presence of the part icles most probably improves heat transfer 
by a combination of the two aforementioned effects (i,e,, conveyance of heat 
from the packet to the surface on contact, and disturbance of the gas film 
adjacent to the surface). The simultaneous occurrence of these two effects 
has not as yet been demonstrated by experiment. It was the intention of this 
experimental investigation to verify the presence of these two effects and to 
determine their relative importance. 

The experiments performed involve simultaneous heat and mass 
transfer from a solid object to a fluidized bed. The system was chosen to 
allow both the part icles and the gas to take part in the t ransport of heat at 
the solid surface. On the other hand, the part icles in this system were 
chosen so as to have negligible adsorbtivity for the diffusing species 
(measurements show low BET surface area) and consequently so as to have 
no capacity for mass transport . Therefore, the only mechanism of impor
tance in mass transfer is the diffusion of mass through the surface gas film. 
In systems without fluidized particles at constant surface tempera ture and 
composition, it is known that the mechanisms of heat and mass t ransfer from 
a surface are analogous for low mass transfer ra tes . Both types of transfer 
may be considered to take place through a gas film near the solid surface. 
As a consequence of the analogous mechanisms for these conditions, the 
ratio of heat to mass transfer coefficients remains approximately constant, 
and there exists an equality of " j " factors(2) for both cases . 

Upon the addition of fluidized part icles to a system, it is known that 
the heat transfer coefficient can be improved significantly. The improve
ment of the mass transfer coefficient is studied herein and is used in the 
determination of a mechanism of heat transfer. For example, if heat is 
not t ranferred via the part icles, the mass transfer coefficient would no 
doubt increase by the same factor as the heat transfer coefficient. On the 
other hand, if the particles do have a part to play in heat t ransfer , a differ
ence m the transfer factors for the two cases would be expected. The magni
tude of this difference in transfer factors is then a measure of the amount of 
heat absorbed by the particles, 

III, Experimental Techniques 

The experimental equipment used is indicated in Figure L A O 5-in -
diameter sphere was saturated with distilled water and then exposed to a 
metered s t ream of dry inlet air under various fluidized-bed conditions The 
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l i k e m a t e r i a l w h i c h a f t e r b a k i n g h a s b e e n s h o w n e x p e r i m e n t a l l y t o h a v e a 

Part A 
Figure 1 

EXPERIMENTAL APPARATUS FOR SIMULTANEOUS 
HEAT AND MASS TRANSFER FROM SPHERE TO 

AIR WITH AID OF FLUIDIZED PARTICLES 

c o n v e n i e n t c o n s t a n t - r a t e d r y i n g 
(17) ^ 

LEAVING AIR 
TO BE ANALYZED 

BY DEW POINT DEVICE 

THERMOCOUPLE 
READING OF 

CELITE SURFACE 
TEMPERATURE 

CELITE SPHERE 

4- " -DIAMETER 

LUCITE COLUMN 
4 " - D I A M E T E R 

p e r i o d , ^ ' T h e s o l i d s p h e r e h a d a 

f i n e h o l e d r i l l e d t h r o u g h a l l b u t 

1 / 3 2 in , of i t s t h i c k n e s s , A t h e r m o 

c o u p l e w a s i n s e r t e d i n t h i s h o l e a n d 

h e l d t h e r e b y t h e a d d i t i o n of m o r e 

c l a y a n d r e b a k i n g . T h e e r r o r of 

m e a s u r e m e n t a t 1 / 3 2 i n , f r o m t h e 

s u r f a c e w a s a p p r o x i m a t e d b y m e a n s 

of a s i m p l e m o d e l ( s e e A p p e n d i x A ) . 

T h e s p h e r e w a s s a t u r a t e d w i t h w a t e r 

a n d s u s p e n d e d f r o m t h e t h e r m o c o u p l e . 

A s a c o n s e q u e n c e of t h e s h o r t h e i g h t 

of s u s p e n s i o n a n d t h e r e l a t i v e l y l o w 

g a s v e l o c i t i e s , t h e s p h e r e r e m a i n e d 

s t a t i o n a r y . T e m p e r a t u r e s w e r e r e 

c o r d e d t h r o u g h o u t e a c h r u n . T h e i n 

l e t a n d o u t l e t a i r h u m i d i t i e s w e r e 

r e c o r d e d b y a G e n e r a l E l e c t r i c d e w 

p o i n t r e c o r d e r ( l 6) w h i c h h a d b e e n 

c a l i b r a t e d t o w i t h i n 1 °F , T h e r e a d e r 

i s r e f e r r e d t o A p p e n d i x A f o r a d e 

s c r i p t i o n of t h i s a p p a r a t u s . T e m p e r 

a t u r e s of t h e a i r a t i n l e t a n d o u t l e t 

c o n d i t i o n s w e r e m e a s u r e d b y t h e r m o 

c o u p l e s . W h e n s t e a d y s t a t e h a d be .en 

108-6707 a c h i e v e d , t h e o u t l e t h u m i d i t y a n d 

s p h e r e t e m p e r a t u r e r e m a i n e d c o n 

s t a n t u n t i l t h e f a l l i n g r a t e p e r i o d w a s r e a c h e d . C o p p e r , g l a s s , a n d f u s e d 

a l u m i n a p a r t i c l e s w e r e u s e d a s t h e f l u i d i z e d m e d i u m . T h e i r p r o p e r t i e s 

a r e g i v e n i n T a b l e 1. 

POROUS PLATE 

ENTERING AIR AT 
CONSTANT HUMIDITY 

Par t A 
Table 1 

PROPERTIES OF FLUIDIZED SOLID PARTICLES USED IN 

Fluidized 
Par t ic les 

Copper 

A-Fused Alumina 

B-Fused Alumina 

Glass 

Description 

Sharp 

Sharp 

Sharp 

Round 

Density 
Dpf X 10^ (in,) (Ib/ft^) 

2,3 557 

5,8 243 

3.5 243 

4,5 154 

EXPERIMENT 

Heat Capacity 
(Btu/lb-°F) 

0,088 

0,183 

0,183 

0.188 
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The mass transfer coefficients were calculated from a knowledge of 
inlet and outlet dew points and the surface tempera ture of the sphere. The 
part ial p ressu re of the water vapor in the nearly saturated air at the inter
face was assumed to be equal to the vapor p r e s su re at the surface temper 
ature. The heat transfer coefficients were calculated from a knowledge of 
the air temperature and surface temperature and the mass t ransfer ra te as 
determined by dew point measurements . Allowance was made for radiant 
heat transfer. The transfer area was that of the sphere minus the a rea of 
the thermocouples. 

The data for the single sphere with no par t ic les present agreed well 
with those of Ranz and Marshall^^^) and of Griffin,(^^ The fact that a definite 
steady state was reached for the fluidized process eliminated the possibility 
of any appreciable removal of water from the surface by wetting, 

IV. Analysis 

The heat and mass transfer under steady-state conditions may be 
defined by the following equations: 

For heat and mass transfer balance at the interface, 

q = WX, (1) 

For mass transfer rate, 

\ 
W = kg(pg - p g ) ^ = ^-^^ (p^ . pg )^ . (2) 

For heat transfer rate 

q = h t ( t g - t s ) ^ . (3j 

The quantities pg and tg vary little during the run. In addition, pg is a func
tion of ts only. The coefficients kg and ht a re independent var iables hence 
depending on their values, a certain value of tg, and thus of pg, will be reached 
at steady state (i.e., the final value of the temperature at the surface is a 
function of only the heat and mass transfer coefficients when the dry bulb 
temperature and the partial p ressure of the water vapor in the air have small 
variation). The coefficients kg and ht for most systems have been found to 
vary similarly, but they should not be thought of as mutually dependent. The 
transfer of heat and mass is interdependent, but the coefficients of heat and 
mass transfer a re independent. Only under conditions at which heat and mass 
a re transported by an analogous mechanism do k„ and h, have s imilar 
variation. s 
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For an a i r -water system, Ranz and Marshall(14) presented the 
following relation: 

Nu' = 2 + 0,60 Re'-^^ Sc ' /^ (4) 

Equation 4 was developed from boundary layer theory as per Froessling(^) 
and from dimensional analysis. It is applicable for mass transfer in the 
Reynolds number range from 0 to 200, The analogous heat transfer equa
tion with Nu' and Sc replaced by Nu and Pr , respectively, is found to hold 
equally well in the same range, 

V, Results and Discussion 

Experiments were performed without fluidized part icles and the 
resul ts were checked with Equation 4, The equations 

Nu' = 2 + 0.56 Re''^^ Sc'^^ (5a) 

for mass transfer (11,5% standard deviation of data), and 

Nu = 2 + 0,68 Re'/2 Pr'^^ (5b) 

for heat transfer (8.5% standard deviation), were used to represent the data 
of this system over the range investigated. 

With the addition of fluidized part icles to the system, however, an 
entirely new mechanism for heat transfer, particle t ransport (convenient 
name for t ransport via a path or paths which include particles), is available 
which has no equivalent in mass transfer for the conditions of the experi
ment. Therefore, for the system with fluidized part ic les , it is conceivable, 
and in fact, a reality, that the heat transfer coefficient can change signifi
cantly from that of the no-part icle case with no comparable accompanying 
change in mass transfer coefficient. 

Useful comparisons can be made from Table 2, which contains 
representat ive heat and mass transfer coefficients and their rat ios for the 

Fluidized 

Particles 

None 

Copper 
Powder 

A-Fused Alumina 

B-Fused Alumina 

Glass 

Gllb/hr-ft2) 

i45.e 

163.2 

70.0 
145.6 

92.6 
145.6 

92.5 

72.3 

124.7 

Part A 

Table 2 

REPRESENTATIVE EXPERIMENTAL DATA 

C 'Cml 

3.18 

6.60 

2.27 

3.57 

5.78 

3.61 
6.23 

hc lB tu /h r -0F-N2 | 

3.12 
3.79 

34,0 
34,0 

76,0 

73,3 

62,4 

100,9 

100,5 

k y l l b l h r - f t^-mole fract ioni 

12.3 

15.6 

21.4 

26.4 

21.9 

24.5 

23.7 

23.9 

18.6 

he I K , 

0.253 
0.244 

1.59 
1.29 

3.48 

2.99 

2.63 

4.22 

5.40 
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fluidized systems and empty tubes (complete data a re given in Appendix A). 
For all systems of fluidized part icles , a large increase in heat transfer 
coefficient occurs with a comparably minor increase in mass transfer coef
ficient. The ratio h(,/ky is approximately constant (0.249, 4% standard devi
ation) for non-fluidized systems. This is in agreement with the "Lewis 
relation" (after W. K. Lewis) which states that hc/ky is approximately equal 
to Cg and is a consequence of the analogous mechanism of heat and mass 
transport . It has been shown that for the a i r -water system, the relation is 
applicable. For pure air, Cg = 0.24. 

The ratio h,. is plotted in Figure 2 as a function of gas velocity 
over the entire experimental range. 

Par t A 
Figure 2 

RATIO OF GAS-PHASE 
HEAT TO MASS TRANSFER 

COEFFICIENTS AS A FUNC
TION OF AVERAGE 

GAS VELOCITY 

It may be noted that the variation in 
the ratio, thus represented, is slight. 
With fluidized part ic les present, 
however, the ratio var ies consider
ably and is greater than 5.0 in some 
instances. It is apparent that the 
mechanism of heat transfer is not 
analogous to that for mass transfer 
in fluidized beds. Also, Equation 5 
does not apply for systems with 
fluidized part icles . The values of 
heat and mass transfer coefficient 
a re plotted as a function of reduced 
gas velocity in Figure 3. 

Mass Transfer Results 

90 200 210 220 

108-6257 Rev. 

It is of interest to determine 
the effect, if any, of the moving par
ticles on the gas-film mass transfer. 
In order to car ry out a comparison 

of coefficients in systems before and after the addition of part icles , it is 
essential that the comparison be made at identical average gas velocities 
so that any changes are not caused merely by a change in gas velocity. 
Therefore, the fluidized bed coefficient ky is compared with k),, defined as 
the coefficient before fluidized particles are added but at the same average 
gas velocity, Gg, as is present in the fluidized bed. The coefficient kJ, may 
be determined from Equation 5, which represents the "no part icle" case for 
this experimental work, with Gg in the Reynold's number. In each case ky 
is greater than k^. The factor of improvement, ky/ky var ies little in all 
systems studied, the highest value being about two. Representative values 
a re shown for each of the systems in Table 3, Complete data a re given in 
Appendix A, 
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Par t A 
Figure 3 

EXPERIMENTAL HEAT AND 
MASS TRANSFER COEFFI
CIENTS IN FLUIDIZED BED 

G/Gmf (REDUCED MASS VELOCITY OF GAS) 

108-6140 Rev. 

Fluidized 
Particles 

Copper 

A-Fused Alumina 

B-Fused Alumina 

Glass 

He 

Void Fraction 

e 

0.532 

0.632 

0,784 
0.7% 

0.722 
0.751 

0.570 
0.618 

at T rans f 

Part A 

Tabic 3 
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The heat t ransferred to the interface may be considered as 

q = qp + qf (6) 

where q is the heat t ransferred via part icle t ransport and q, is the heat 
t ransferred via the continuous gas phase. In te rms of its heat transfer 
coefficient, 

qf = M'^g-^s'r (7) 

If radiation from the fluidized system surrounding the sphere is neglected, 
a reasonable assumption considering the temperatures of the experiments, 
ht becomes equal to he. By combining Equations 3, 6, and 7, the fraction of 
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the to ta l hea t t r a n s p o r t which is a t t r i b u t e d to p a r t i c l e t r a n s p o r t m a y be 
r e p r e s e n t e d a s 

' jpA 1 - (h f/ l^c) (8) 

In t h e e x p e r i m e n t s w i t h n o f l u i d i z e d p a r t i c l e s p r e s e n t i t w a s p r e 

v i o u s l y s h o w n t h a t t h e r a t i o h c / k y h a d l i t t l e v a r i a t i o n w i t h c h a n g e i n g a s 

v e l o c i t y p a s t t h e s u r f a c e ( s e e F i g u r e 2) , T h i s i s i n a c c o r d w i t h t h e h e a t 

a n d m a s s t r a n s f e r a n a l o g y f o r t h e a i r - w a t e r s y s t e m . F o r s y s t e m s c o n 

t a i n i n g f l u i d i z e d p a r t i c l e s t h e r a t i o of h f / k y i s a s s u m e d t o v a r y s i m i l a r l y , 

s i n c e i t r e p r e s e n t s t h e r a t i o of c o e f f i c i e n t s f o r t h e g a s p h a s e w h e n t h e 

a n a l o g y c o n t i n u e s t o e x i s t . In f a c t , t h i s r a t i o s h o u l d b e r e a s o n a b l y a p p r o x i 

m a t e d b y h ( . / k y i n t h e " n o p a r t i c l e " c a s e e v a l u a t e d a t t h e s a m e a v e r a g e g a s 

v e l o c i t y . H e n c e , hf m a y b e c a l c u l a t e d f r o m 

hf = ( h ^ / k ; , ) k y . (9) 

w h e r e h ( , / k ' i s o b t a i n e d f r o m F i g u r e 2 , b y u s e of t h e a v e r a g e g a s v e l o c i t y 
G g i n t h e f l u i d i z e d b e d . I t m a y b e n o t e d t h a t i n t e r p o l a t i o n b e t w e e n t h e d i s 
c r e t e e x p e r i m e n t a l v a l u e s of g a s v e l o c i t y i s n e c e s s a r y i n u s i n g F i g u r e 2 , 
b u t i t s h o u l d b e p o i n t e d o u t t h a t a n e x a c t v a l u e of v e l o c i t y i s n o t n e c e s s a r y 
b e c a u s e v e r y l i t t l e c h a n g e o c c u r s i n t h e r a t i o h ^ / k ' . In f a c t , a s m e n t i o n e d 
e a r l i e r , t h e v a l u e of 0 , 2 4 9 m a y b e u s e d o v e r t h e e n t i r e r a n g e of v e l o c i t i e s 
w i t h o n l y 4% s t a n d a r d d e v i a t i o n . 

Part A 
Figure 4 

FRACTION OF HEAT ABSORBED BY PARTICLE 
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The heat transfer coefficient is dependent upon the kind of fluidized 
par t ic les used, whereas mass t ransfer coefficients seem to have little de
pendence of this type in the range studied. If heat t ransfer by part icle 
t ranspor t is accepted as the dominant mechanism, it is then understandable 
that a part icle property, such as heat capacity, and a geometry factor, such 
as par t ic le diameter , might be of considerable influence. In a number of 
a r t i c les '^ ' '-"-'LJ) it was concluded that h(- increases with increasing density 
and heat capacity of the solid par t ic les . The exact relationship between he 
and the proper t ies of the solid varied according to the different authors. 
The probable cause of this variation was the different conditions of gas flow 
rate and solid mater ia l s investigated. Likewise, an explicit dependency of 
h^ on part ic le diameter , valid for all conditions, could not be found because 
of the differences in experimental range and also as a consequence of the ef
fect of par t ic le diameter on bed porosity. In the work of Sarkits , Traber , 
and Mukhlenov,(l-^'l 5,16) ^ correlat ion of experimental data is divided into 
two regions of flow (the laminar flow regime and the turbulent flow regime). 
The direct dependency of h^ on solids density and heat capacity becomes 
weaker as the flow becomes more turbulent. Nevertheless, h^ increases 
with increasing values of these proper t ies in both regions. The par t ic le-
diameter effect differs for the two regions, ho'wever. For laminar flow, 
h(- var ies inversely with part icle diameter , and for turbulent flow var ies 
directly. Also, higher coefficients were obtained for smooth part ic les than 
for coarse par t ic les . For a more detailed description of the conditions 
necessary for laminar and turbulent flow, the reader is referred to the 
original a r t ic le . '1") 

In the present investigation the smooth glass spheres of highest heat 
capacity gave the highest values of he and the sharper copper powder of 
lowest specific heat the lowest he values. Two sizes of fused alumina par
t icles were used and gave little apparent variation in he. The values of he 
varied with the solid proper t ies in a manner consistent with the previous 
ar t ic les cited. The depth of suspension of the sphere may be another va r i 
able of importance. 

A diffusing species leaving the sphere disturbs the boundary layer of 
the gas and, therefore, produces some change in the overall heat transfer 
pattern. No exact quantitative measure of the effect of the radial velocity 
component of the diffusing species on heat transfer coefficient is available 
at the low Reynolds numbers of the experiment. At high Reynolds numbers, 
the data of Short, Brown, and S a g e " " ^ ' indicate that for 0.5-in, spheres, 
lower heat t ransfer coefficients exist for the case of systems undergoing 
simultaneous heat and mass t ransfer than for those with pure heat t ransfer . 
The difference between the two systems becomes smaller with decrease in 
Reynolds number. If the effect does occur to some extent at the low Reynolds 
number in fluidized beds, even more heat transfer would be accounted for by 
the absorption of heat by the part icle . Correspondingly, the proportion of the 
heat t ransfer red by the continuous gas phase will be le,ss than was determined 
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herein. The effect of a velocity component perpendicular to the flow has, 
however, been shown to be negligible for flow over flat plates at low Reynolds 
number. It was, therefore, reasonable to assume that the e r ro r of omitting 
the effect of this component for flow around spheres at low Reynolds number 
would likewise be insignificant. 

It might be stated in summary that for the region of gas velocities 
and part icle propert ies studied, the predominant mechanism of heat transfer 
to a surface in a fluidized bed is that of part icle t ransport . The other mech-
ansim of additional disturbance of the gas film improved heat and mass 
transfer , but the heat t ransferred in this manner is only a small portion of 
the overall. 
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P A R T B 

E F F E C T S O F T H E R M A L P R O P E R T I E S O F SOLIDS ON 
H E A T T R A N S F E R TO G A S - F L U I D I Z E D BEDS 

I. N o m e n c l a t u r e - P a r t B 

A ^ S u r f a c e a r e a of h e a t e r , sq ft 

Cg H e a t c a p a c i t y of s o l i d s , B tu / ( l b ) ( °F ) 

Dp P a r t i c l e d i a m e t e r , ft 

Dw C h a r a c t e r i s t i c w a l l d i m e n s i o n , ft 

f(T) D i s t r i b u t i o n funct ion, d i m e n s i o n l e s s 

g G r a v i t a t i o n a l a c c e l e r a t i o n , f t / s e c ^ 

G M a s s v e l o c i t y of g a s , l b / ( h r ) ( s q ft) 

*^mf M a s s v e l o c i t y of gas a t m i n i m u m f lu id iza t ion point 

he H e a t t r a n s f e r coef f ic ien t a t p a r t i c l e s u r f a c e , B t u / ( h r ) ( s q f t ) - (°F) 

hjj H e a t t r a n s f e r coef f ic ien t at i n t e r n a l o r e x t e r n a l exchange s u r f a c e 

h_ H e a t t r a n s f e r coef f ic ien t for s u r f a c e to gas convec t ion 

kg T h e r m a l conduc t iv i ty of g a s , B tu / (h r ) ( f t ) ( °F) 

k j ^ T h e r m a l conduc t iv i t y of q u i e s c e n t bed 

kg T h e r m a l conduc t iv i t y of so l id p a r t i c l e s 

m 18 M / I ^ P Pg, s e c " ' 

N P a r t i c l e N u s s e l t n u m b e r , h e R p / k g , d i m e n s i o n l e s s 

Nu Su r f ace N u s s e l t n u m b e r , h o D p / k g 

P e P e c l e t n u m b e r , CgPgDpG/Pgkg , d i m e n s i o n l e s s 

q H e a t flux f r o m h e a t e r s u r f a c e , B tu / (h r ) ( f t ) 

Q ( T ) I n s t a n t a n e o u s r a t e of h e a t a b s o r p t i o n by p a r t i c l e at wa l l , B t u / h r 

Q M e a n v a l u e of Q, a v e r a g e d o v e r r e s i d e n c e t i m e 

r R a d i a l p o s i t i o n wi th in s p h e r e , ft 

R_ P a r t i c l e r a d i u s , ft 

s (Ps - P g ) g / P s . f t / s e c ' 

t T e m p e r a t u r e wi th in s p h e r e , °F 

t^ T e m p e r a t u r e in bulk m e d i u m of the f lu id ized bed, ° F 

t ^ T e m p e r a t u r e a t i n t e r n a l o r e x t e r n a l s u r f a c e , °F 

T D i m e n s i o n l e s s t e m p e r a t u r e , (tw - t ) / ( t w " ^b) 
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Greek 

a. Shape fac to r for g a m m a d i s t r i b u t i o n 

P Sca le fac to r for g a m m a d i s t r i b u t i o n 

^ Gas v i s c o s i t y , ( lb ) / ( f t ) ( sec) 

(ip N u m b e r of p a r t i c l e s pe r unit a r e a at h e a t e r s u r f a c e , p a r t i c l e s / f t ^ 

p Gas dens i t y , I b / c u ft 

Pj^ D e n s i t y of q u i e s c e n t so l id p a r t i c l e s 

Pg Dens i ty of sol id 

6 Particle residence time, hr 

6 Mean particle residence time, hr 

T Dimensionless residence time, kg 0/PgCgR 

T Mean dimensionless residence time 

II, Introduction 

Considerable quantitative information regarding heat transfer in 
fluidized-bed systems is available. However, no function of particle and 
gas properties, which suitably predicts the behavior of fluidized-bed heat 
transfer coefficients at internal and external heat-exchange surfaces, has 
been derived on theoretical grounds. In addition, the experimental data 
thus far available are not generally suitable for direct determination of the 
effects of properties of solids on the coefficients. 

It is generally believed that the mechanism of heat transport be
tween the particles and heat-exchange surfaces is one of heat absorption 
(or release) by the particle, with the gas serving as a heat transfer me
dium and as a stirring agent for the solids. This type of mechanism has 
been suggested by various investigators^^-''^''^^'"'''/ and has been experi
mentally verified as discussed in Part A of this work. The particles leave 
the core of the bed, arrive at the surface, and absorb (or release) heat. 
The particles then return to the core of the bed. 

Since the particles are presumed to be responsible for the rapid 
exchange of heat at the surface, it is of interest to determine the effect of 
their thermal properties on the heat transfer coefficient. Unfortunately, 
most solids of similar density have approximately the same heat capacity, 
and vice versa. Therefore, it is difficult to alter the heat capacity of the 
solids without a corresponding change in the density of the particles, and 
hence of their fluidization characteristics. This difficulty has been re
ported previously.(22) However, three materials of the same density, whose 
thermal properties vary over a reasonable range, have been found. These 
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a re listed in Table 1, together with their pertinent proper t ies . It may be 
seen that a tenfold variation in thermal conductivity and a twofold variation 
in heat capacity a re obtained without significant variation in density. This 
fact permitted an investigation of the explicit effect of particle thermal 
proper t ies on the heat t ransfer coefficient. 

Pa r t B 
Table 1 

PROPERTIES OF SOLID PARTICLES 

Heat Capacity Thermal Conductivity 
Density* (at 77°F)* (at 77 '=F)* 

Mater ial (ib/cu ft) [Btu/(lb)(°F)] [Btu/(hr)(ft)(°F)] 

Copper 559 0,092 223 

Nickel 555 0,108 53 

Solder 554 0.053 27 
(50% Pb, 50% Sn) 

*MetaIs Handbook, American Society of Metals ( l96l) . 

Juxtaposed with the experimental investigation, a theoretical model 
has been developed which predicts the observed dependence of heat t r an s 
fer coefficient on solid thermal proper t ies , and agrees with previous data 
on the effect of gas conductivity, 

III. Experimental Equipment 

The experimental equipment used was similar to that described in 
Pa r t A of this work. A complete description of the equipment and procedure 
will therefore not be given here, and only the essentials of the technique 
and the changes in the system will be noted. A 0.5-in. sphere of Celite is 
saturated with distilled and demineralized water. A constant supply of 
water to the sphere is maintained by a rese rvo i r and siphon action, as 
shown in Figure 1. The vacuum system was employed to remove all air 
bubbles. The water passed through the smallest tube in the line, actually 
a 22 gauge hypodermic needle, before entering the sphere. Very fine ther 
mocouple wires were passed through the hypodermic needle and were posi
tioned 0,01 in, from the surface of the sphere. The e r r o r caused by the 
measurement being taken at a point this distance from the surface is small 
and less than the maximum calculated for a-j j- in, distance (see Appendix A), 
The sphere was submerged below the level of the stagnant bed. Tempera
ture and humidity measurements were recorded for the gas at inlet and 
outlet conditions. The procedure for obtaining the heat and mass t ransfer 
coefficients was identical with the method described in Pa r t A, 
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Par t B 
Figure 1 

EXPERIMENTAL EQUIPMENT AND FLOW DIAGRAM 

THERMOCOUPLE TO 
TEMPERATURE 
RECORDER 

EPOXY SEAL 

VKATER TROUGH 

DRY AIR 
INLET 

X = THERMOCOUPLE 
POSITIONS 

108-6496 

In addition to the simultaneous heat and mass transfer experiment, 
pure heat transfer experiments were performed, with a cylindrical car 
tridge heater, 0.5 in. in diameter and 2.5 in. long. This heater, which was 
wound to give a uniform electrical heat flux over its surface area, was sub
merged in the bed to approximately the same position previously occupied 
by the Celite sphere, A thermocouple was soldered to the surface of the 
heater, and heat input was measured by a calibrated ammeter and volt
meter . Bed temperatures were measured at various positions and the av
erage taken. For the fixed-bed cases, the logarithmic mean of the entering 
and leaving air temperatures was taken as the bulk temperature . The small 
sphere and heater were not expected to have significant variation in tem
perature along their surface when inside a dense phase fluidized bed. 
Therefore, the surface coefficients may be obtained from 

ho = q/Aw(tw-tb)- (1) 
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The solid part ic les used were produced by an atomization process 
and were essential ly spherical . The part icles of half-and-half solder, 
nickel, and copper were carefully screened, and the 100 to 120 mesh (U.S. 
Standard Sieves) cut was chosen for the experimental work. The average 
part icle size for this cut is 5.37 x 10"^ in. Photographs of these particles 
a re presented in Figure 2. It can be seen that the particles were of essen
tially the same geometry and size, and hence differed significantly only in 
their thermal proper t ies . 

Par t B 
Figure 2 

FLUIDIZED PARTICLES (Magnified 184X) 

108-6600 2a 
Copper 

108-6599 2b 
Solder 

108-6598 2c 
Nickel 
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IV. Experimental Results 

The data obtained from the simultaneous heat and mass t ransfer 
experiments are given in Figure 3 as a plot of Nusselt number vs reduced 
mass velocity of the gas. Copper and nickel, materials of widely different 
thermal conductivities (see Table 1), produced a relatively small differ
ence in Nusselt number. No systematic variation was determined for 
variation with solids thermal conductivity. On the other hand, the Nusselt 
number increased significantly with increased solids heat capacity. An 
increase of approximately fifty percent in the maximum Nusselt numbers 
occurred for a one hundred percent increase of heat capacity. The pure 
heat transfer experiments with a cylinder gave similar resul t s , with some
what higher Nusselt numbers at the same reduced gas velocities. In these, 
average Nusselt numbers of 6.1, 5.7, and 4.6 were obtained for the nickel, 
copper, and solder, respectively, in the fully fluidized beds. Complete 
data a re presented in Appendix B for both pure and simultaneous transfer 
cases . 

Par t B 
Figure 3 

EFFECT OF SOLIDS HEAT CAPACITY ON NUSSELT NUMBER 

o> 4 '^ 

108-6503 
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V. Theory 

In a recent publication,>^°' a model for predicting heat transfer co
efficients from surfaces to fluidized beds was developed based on the fol
lowing assumptions: 

"1 . The fluidized part icles are spheres of uniform diameter. 

2. The physical and thermal propert ies of the solid and gas are 
constant. 

3. Par t ic les from the bulk of the fluidized medium arr ive at the 
heating surface at the fluid bulk temperature , t]-,. During the time that a 
particle remains at the surface it receives heat by convection from the 
fluid adjacent to the surface. This fluid is assumed to be at the surface 
tempera ture , tw .̂ After some time, the particle leaves the wall and r e 
turns to the bulk fluidized medium. This mechanism is pictured for a 
typical part icle in Figure 4. 

4. The major portion of the heat transfer occurs by the mecha
nism described in 3 above. 

5. Radiant heat transfer from the surface to the particle is neg
lected. Baddour and Yoon^^' have shown this effect to be negligible in 
packed beds at temperatures below 600°C, 

6. Conduction at the point of contact of the particles and surface 
is extremely small . Botterill _et _al.(•*) have shown experimentally that this 
effect is negligible." 

® 

© 
PARTICLE STAYS 

AT SURFACE 
AND ABSORBS KEAT 

Par t B 
Figure 4 

SCHEMATIC OF PROPOSED HEAT 
TRANSFER MECHANISM 

108-6492 

By applying the differential equation describing conduction in a sphere, 
the temperature profile within the sphere was derived. It was found(28) 
that by using the first term in the ser ies solution (i.e., the first eigenvalue). 
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a so lu t ion r e p r e s e n t i n g the t e m p e r a t u r e at any point in t he s p h e r e wi th 
e r r o r l e s s 2% w a s p o s s i b l e . Th i s so lu t ion in t e r m s of r e d u c e d q u a n t i t i e s is 

e 
• 3 N T (1) 

when N < 0.2, w h e r e N = ( l / 2 ) h c D p k s . It w a s r e a s o n e d tha t s i n c e the p a r 
t i c l e i s n e a r the wa l l , the s u r r o u n d i n g fluid ve loc i t y wi l l be s m a l l . H e n c e , 
the N u s s e l t n u m b e r for f l u i d - t o - p a r t i c l e ccDnvection, h ^ D p / k g , w a s t a k e n at 
i t s l imi t ing va lue of 2 in the F r o e s s l i n g l 10) e x p r e s s i o n . T h en N ~ k g / k g . 
The r e q u i r e m e n t for Equa t ion 1 to be va l id to wi th in 2% i s , t h e r e f o r e , 
k / k g < 0.2, as d e s c r i b e d . ( 2 8 ) The following m a t e r i a l f rom the a r t i c l e c o -
a u t h o r e d wi th Koppel and Braze l ton (28) ig often r e f e r r e d to in the m a s s 
t r a n s f e r a n a l y s i s of P a r t C and is t h e r e f o r e , f o r p u r p o s e of c o m p a r i s o n , 
quoted d i r e c t l y . 

"Equa t ion 1 m a y be d e r i v e d on the b a s i s of neg l ig ib l e t h e r m a l g r a 
d ien t s wi th in the p a r t i c l e . T h u s , if the p a r t i c l e is at a u n i f o r m t e m p e r a t u r e 
t ( e ) , then 

PsCs ( ^ 0 ^ 6 ) ^ = h ^ ^ D ' p ( t w - t ) 

wi th 

t(0) = th . 

By in t roduc ing the a p p r o p r i a t e d i m e n s i o n l e s s v a r i a b l e s it is found 
tha t Equa t ion 1 is once aga in the so lu t ion . 

Equa t ion 1 was u s e d to c a l cu l a t e the r a t e of hea t a b s o r p t i o n by the 
p a r t i c l e f rom the fo rmula 

Q(T) = h c 4 T r R p ( t ^ - t ) = 4TrRpkg (tw - tb) e"^^ '^ , (2) 

w h e r e the l imi t ing N u s s e l t n u m b e r of 2 has aga in been u s e d for f l u i d - t o -
p a r t i c l e convec t ion . 

Equa t ion 2 is l i m i t e d in u t i l i ty in tha t it g ives only the r a t e of hea t 
a b s o r p t i o n of a s ingle p a r t i c l e , as a function of the t i m e it h a s spen t at the 
s u r f a c e . At any in s t an t of t i m e , the p a r t i c l e s at the hea t t r a n s f e r s u r f a c e 
h a v e been t h e r e for v a r i o u s lengths of t i m e , conce ivab ly r ang ing f r o m z e r o 
to inf ini ty . Le t f(T) be defined so that f(T)dT is the f r ac t ion of p a r t i c l e s a t 
the s u r f a c e , at any in s t an t , which have r e s i d e d at the s u r f a c e for a d i m e n 
s i o n l e s s t i m e be tween T and T + dT, P h y s i c a l l y , one would expec t s o m e 
p r e f e r r e d r a n g e of r e s i d e n c e t i m e s , so tha t f(T) should go t h r o u g h a m a x i 
m u m . Using t h e s e qua l i t a t ive i d e a s , it is conven ien t to s e l e c t the g a m m a 
d i s t r i b u t i o n function 

1 a -T/|S 
T e ' 

a', p. 
f(-) = — ^ - ^ ' " (3) 
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as descriptive of the distribution of dimensionless residence t imes for 
part ic les at the surface at any given instant. This distribution is pictured 

for various values of a at a single 
value of P in Figure 5, F rom Equa
tion 3, the average residence time is 
determined as 

Pa r t B 
Figure 5 

EFFECT OF a ON GAMMA 
DISTRIBUTION 

Jo 
Tf(T)dT = j3(a + 1) (4) 

and the residence time of maximum 
probability (by differentiating Equa
tion 3 and setting the result to zero) 
is 

^max = P«- (5) 

108-6495 
It can be seen from Figure 5 that a 
is merely a shape factor, determin
ing the shape of the distribution. The 

smaller the value of a, the more sharply is the distribution peaked around 
its maximum. On the other hand, T and T^^^.^ are directly proportional 
to p, which therefore determines the location of the peak. Other distribu
tions could undoubtedly be selected for the particle residence t imes, but 
the gamma distribution has the following advantages, besides being com
patible -with one's intuitive feeling for the shape of the true distribution: 

(1) The shape of spread of the distribution may be altered consid
erably through the single parameter a, 

(2) The heat t ransfer function Q(T) is easily integrated with r e 
spect to the distribution of Equation 3, 

Thus, the average or mean rate of heat absorption for particles at 
the wall at any time is constant and given by 

Q = Q(T)f(T)dT = 
47rRpk (tw - tb) 

V a + 1 / 

a+i 
(6) 

In order to obtain the heat t ransfer rate at the heating surface per 
unit a rea , it is necessary to estimate the surface concentration of par
t ic les , ^ p , in part icles per unit a rea . F rom physical observations of 
fluidized systems it is noted that the column wall i s , in general , almost 
completely coated with par t ic les . Hence, if the fluidized bed is externally 
heated, for a f i r s t -order est imate of /ip it can be assumed that the wall is 
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c o m p l e t e l y c o v e r e d wi th p a r t i c l e s in h e x a g o n a l p a c k i n g . E v e n if the h e a t e r is 
i n t e r n a l , the fluid ve loc i ty at the hea t ing s u r f a c e is z e r o , j u s t a s in t he e x 
t e r n a l c a s e . S ince p a r t i c l e s pack on the o u t e r wa l l b e c a u s e of the r e q u i r e d 
downward m o t i o n due to low fluid v e l o c i t i e s , we m a y a s s u m e a s i m i l a r b e 
h a v i o r in the c a s e of an i n t e r n a l s u r f a c e . Th i s i s a p p r o x i m a t e l y c o n f i r m e d 
by the da ta of B r u s e n b a c k , ( ^ ) who m e a s u r e d p a r t i c l e c o n c e n t r a t i o n s a t an 
i n t e r n a l s u r f a c e in a f luidized bed and found t h e m to be 80-100% of the c o r 
r e s p o n d i n g va lue s for the fixed bed in t yp i ca l r a n g e s of the o p e r a t i n g v a r i 
a b l e s . By a s s u m i n g the s u r f a c e to be c o m p l e t e l y c o v e r e d wi th p a r t i c l e s , 
the r e s u l t i n g p a r t i c l e c o n c e n t r a t i o n wi l l be too h igh , but t h i s wi l l t end to 
c o m p e n s a t e for the fact that we have exc luded f r o m the h e a t t r a n s f e r m e c h 
a n i s m a l l but the s u r f a c e p a r t i c l e s . On th i s b a s i s , for h e x a g o n a l pack ing 

Mp = i / 2 R p y i . (7) 

The p r o d u c t of Q and .̂ip g ives the hea t t r a n s f e r r a t e p e r uni t a r e a , 
which m a y be equa ted to ho(tw - t b ) , the p roduc t of the o v e r a l l s u r f a c e - t o -
f lu idized bed hea t t r a n s f e r coeff ic ient and the c h a r a c t e r i s t i c t e m p e r a t u r e 
d i f f e r ence . Solut ion of th i s for the N u s s e l t n u m b e r and r e v e r s i o n to the 
o r i g i n a l v a r i a b l e s yie ld the final r e s u l t : 

N u 
hoDp 4 7 i / y T 

3k,, 
1 + . 

P3CgRp(a + 1) 

(8) 

Before examin ing the i m p l i c a t i o n s and a c c u r a c y of E q u a t i o n 8, it is 
d e s i r a b l e to r e - e x a m i n e a s s u m p t i o n s 3 and 4. A s s u m p t i o n 3 r e q u i r e s that 

the p a r t i c l e s a t the wal l r e c e i v e hea t 
P a r t B 

F i g u r e 6 

COMPARISON O F MECHANISM 
WITH THAT O F B O T T E R I L L 

AND WILLIAMS(3) 

0.1 
TIME, seconds 
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as if they w e r e s u r r o u n d e d by a fluid 
m e d i u m at tw. Ac tua l ly , t h e r m a l 
g r a d i e n t s a r e r e a l i z e d in the s u r 
rounding fluid. Bo t t e r i l l ( ^ ) h a s 
so lved n u m e r i c a l l y the u n s t e a d y con 
duct ive t e m p e r a t u r e field which r e 
su l t s f r o m a s ing le g l a s s s p h e r e in 
p lane con tac t with a wa l l tha t i s 10°C 
h o t t e r than the s u r r o u n d i n g a i r m e 
d ium. F r o m th i s field, he c a l c u l a t e d 
the i n s t a n t a n e o u s r a t e of hea t a b 
s o r p t i o n by the p a r t i c l e as a func
t ion of t i m e . His r e s u l t s a r e 
r ep lo t t ed for a 200-;Li g l a s s s p h e r e 
in F i g u r e 6. In add i t ion , the v a l u e s 
of Q{9) c a l c u l a t e d f r o m E q u a t i o n 2 
for the s a m e cond i t ions a r e p lo t t ed 
for c o m p a r i s o n . It m a y be s e e n that 
good a g r e e m e n t i s ob ta ined in the 
v ic in i ty of 6 = 0.11 s e c , but the a g r e e 
m e n t e l s e w h e r e is nooi- TT^.. 
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fluidized sys tems . Thus, the integration process of Equation 6 tends to 
weight most heavily the more accurate values of Q(S), and to average out 
the positive and negative deviations between the two curves of Figure 6. 
For this reason, it appears that the inaccuracies in assumption 3 a re 
largely canceled by the stat is t ical averaging process . 

Although Botter i l l ' s resul ts for 200-fi spheres justify assumption 3 
for small par t i c les , it is to be expected that for spheres considerably la rger 
than 200 fl, the validity of this assumption will decrease . This is because 
larger par t ic les a re subjected to a greater variation in temperature of the 
surrounding medium. 

To test assumption 4 regarding order of magnitude, it may be a s 
sumed that the only plausible competing mechanism for heat t ransfer is 
convection to a part icle-agi tated gas phase. If this mechanism is assumed 
to be acting in paral lel with the part icle pick-up mechanism, then another 
t e rm hg(tw - tb) should be added to Q^p in the equation with ho(tw - tb)- In 
place of Equation 8, this would resul t in 

(8a) hoDp 

^g 

4V^/3 . 

[l + 'fll a -I- 1. 

a+ i 

^ h g D ^ X D p 

V kg JDw 

where D.̂ ,̂ is a charac ter i s t ic dimension of the heat t ransfer surface. For 
an externally heated bed, this would be the column diameter . The first 
t e r m on the right side of Equation 8a is of the order of 1, and Dp/Dw is 
typically of the order of 10"^. Under fluidized conditions, a typical Reynolds 
number based on column diameter would be lO', indicating a generally 
laminar type of flow. Therefore, even if part icle agitation increased the 
gas convection by an order of magnitude [which is unlikely in view of the 
fact that Rowe and Partridge(20) have observed the fluid motion to be 
largely s t reamline] , the Nusselt number for gas convection, hgDw/kg, 
would not exceed 100. Hence, the second t e rm on the right of Equation 8a 
can safely be neglected. Similar arguments can be offered to give the same 
conclusion for an internal heater ." 

VI. Agreement of Theory with Data 

As a means of determining the validity of the model, various values 
of the shape factor a were chosen, and Equation 8 was rewri t ten in a form 
suitable for comparison with the data. For instance, for a = 0 a plot of 
l /ho vs l /Cg for constant values of c/c^f should resul t in a straight line, 
as all other proper t ies of the solid and gas a re constant. Likewise, for 
a = 1.0, plots of l / •>/h^ vs l /Cg should resul t in straight l ines. Such a 
se r i es of plots a re given in Figure 7 for different values of a. The values 
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P a r t B 
F i g u r e 7 

P L O T S FOR CALCULATING AVERAGE RESIDENCE TIMES AT 
VARIOUS VALUES O F a, a) a = 0; b) a = 0 , 1 ; c) a = 0 ,5 ; 

d) a = 1,0; AND e) a = oo 

(a) 

17 18 19 20 

108-6497 

(b) 

108-6498 
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of G / G J ^ £ used are from Figure 3. As a approaches infinity, a special 
form of Equation 8 is obtained, namely. 

Nu 
47T -3kge/PgCgR^ 

(9) 

(This result may also be obtained by assuming every part icle to reside for 
the average residence time S.) In this case, a plot of In h,-, vs l/Cg (see 
Figure 7e) should give a straight line. 

Par t B 
Figure 8 

AVERAGE RESIDENCE TIME AS 
A FUNCTION OF l / ( l + a ) 

In all cases , reasonably straight 
lines result , A good indication of 
the accuracy of the model is the 
agreement of the intercept predicted 
with that determined from the data. 
The theoretical intercept, given as a 
power of Ki = D v3/47Tk in each 
plot of Figure 7, is represented by 
an as ter isk and is seen to be in 
close agreement with the extrapo
lated experimental l ines. The best 
agreement of intercepts for all r e 
duced velocities occurred at a value 
of a of about one. 

In each case, the mean r e s i 
dence time 0 is proportional to the 
slope of the line. For example, in 
Figure 7c the slope is 3kge/psCsRp. 
Values of 9 determined from these 
slopes are plotted as functions of 
l / ( l + a) in Figure 8. At higher 
values of G / G ^ ^ J , the variation in 
residence time is small for values 
of a between zero and infinity, and 
9 is relatively independent of a; the 
average residence times a re in the 
range from 0.23 to 0.45 sec. The 
relative insensitivity to large changes 
in a and, hence, considerable change 
in the shape of the distribution, is 
indicative of the utility of Equat ions. 
Except for values of a very close to 
zero (zero is a physically unappeal

ing value for a because 9jnax = 0). it can be stated that the resul ts a re 
insensitive to a. At the lowest gas velocity, where all part icles were not 
in motion, the sensitj_vity of residence time with respect to a is greates t . 
Even here the total 9 span over all a is within an order of magnitude. 

0 0.1 0-2 0,3 0,4 0-5 0,6 0,7 0,8 0,9 1,0 
I /{I +a) 

108-6493 
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A plot of the data for pure heat transfer from a cylinder is included 
in Figure 7d. The heat t ransfer coefficients used here were the average of 
values at three gas velocities in the high C/Cj^f range. An average r e s i 
dence t ime 9 of 0.29 sec was determined for the cylinder. 

VII. General Discussion of Model 

It is interesting to observe the effect on the model of extreme con
ditions. Equation 8 predicts that the maximum observable value of the 
Nusselt number is 4 7 : / v 3 , or approximately 7.2, This situation will be 
approached for very short residence t imes (good mixing) or for very high 
volumetric heat capacity of the solid. 

This conclusion, which can only be made under conditions for which 
the model is applicable,^ gains some support from the heat transfer work 
of other experiments . In Table 2 a list of maximum observed Nusselt num
bers , taken from a se r ies of investigations available in the l i terature , is 
presented. It is significant that only one of all these experimental values 
is slightly above the predicted maximum, and all others fall below. The 
part icles used in this work were fairly large and, as explained ear l ier , the 
model loses validity in the large particle range. In the correlation of 

Reference 

(16) 
(16) 
(13) 
(11) 
(1) 
(26) 
(8) 
(24) 
(25) 
(19) 
(21) 
(27) 
(12) 
(18) 
(17) 
(5) 
(14) 
(3) 

This work 

Pa r t B 
Table 2 

MAXIMUM OBSERVED NUSSELT NUMBERS FOR 

Transfer Surface 

Internal heater 
External wall 
External wall 
External wall 
Internal heater 
Internal cooler 
External wall 
External wall 
Internal cooler 
Internal heater 
External wall 
Internal heater 
External wall 
Internal cooler 
Internal cooler 
Internal heater 
Internal heater 
Internal heater 
Internal surface 

FLUIDIZED BED HEAT TRANSFER 

; Solid Par t ic les 

Scotchlite beads 
Scotchlite beads 
Pulverized coal 
Iron catalyst 
Round sand 
Sharp Maas sand 
Spheroidal catalyst 
Carborundum 
Sharp si lver sand 
Ottawa sand (spheroidal) 
Scotchlite beads 
River sand (rough round) 
S/V Sovabead 
Alumina-nickel catalyst 
Silicon carbide 
Quartz sand 
Scotchlite beads 
Spherical lead glass 
Nickel spheres 

Dp(ft) x 10* 

1.5 
1.5 

38.6 
3.6 

28.8 
11.6 

5.6 
7.4 
7.1 
3.9 

12.3 
1.0 

129 

11.5 
8.2 

14.7 
10.5 

6.6 
8.4 

Max Nu = hoDp/kg 

3.9 

2.3 , 
4.5 
1.7 
8.1 
2.6 
4 .7 
3.0 
3.7 
3.0 
5.1 
4.6 (CO2) 
5.8 
5.0 
3.6 (CO2) 
6.7 
5.6 
3.5 
6.2 

' j akob and Osberg ' ' ^^) measured Nusselt numbers as high as 11 for 
t ransfer from a submerged wire . However, the present model is ob
viously applicable only to transfer from a surface whose radius of 
curvature is large compared with particle d iameters . 
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Vreedenberg,(^5) transformed on Figure 9 to coordinates of Nusselt num
ber vs Peclet number, a definite maximum Nu level is approached with in
creasing Peclet number. This level is visibly below the predicted maximum. 
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Figure 9 

VARIATION OF NUSSELT NUMBER WITH PECLET NUMBER 

e.o 

6.0 

ZO 

1.0 

0 e 

" " 

... 
0.2 

8 

^" 

s 
tTrrj 

-H* 

VrOr-

^' 
F2 ^rir-

tZ.Z 
if 

UTI 

tt:^ 
S i i 
i _ . 
± T t 

1 • i • 

= •i 

]r^ 

: ( 
(<='Sml)' s^^B 

h t !|!Tll||j%i 
m==f- ...'"IZ'-^^-^'^ i - : • ' • / \ 

B , j ? i ^ " i U 1 - '• ^^^^"•^1 

1 -
- L . 1 . 1 ^ 

. j _ 

^ -
5" 

^ ri 

.. -_-! 

M ~ 

1 
* 

^ 

^ ^ r 

i r i # i 

l i t 

- ; • 

ftt 

; , , 1 . : 1 • : 

n • : : | L 

,J_ 1 • ; t - ^--
^ h 

..,|„4 

,-1 4- ;il 

I W 

1 

iji-

:;; 

T 

~mK 
: : : : : : ; • : 

=TF 

.:::!:;: 
a • i 

i l 

4i-

i 
| i : : 

h 

1 

fea^ 

SBBS? 

- , . =: =̂  i - ' -

• l5= 

ill 
'.r:\^ = E 

::•:.~ -

f.m^ 
•^ :^^? 

in; ::|: T.::. 

I ; L : „ 

108-6500 

c. P, °p ° 

The dependence of heat transfer coefficient on gas conductivity pre
dicted by Equation 8 can be estimated for the experimental conditions of 
the present work, where the factor 3kg9/psCsRp typically assumed the 
value of 2 /3 . Then from Equation 8, for the typical value a= 1, 

h* 

( k g / k | ) ( l 6 / 9 ) 

[1 + ( l / 3 ) ( k g / k | ) ] 
(10) 

where k is the base value for air , for which 2/3 is realized for 3k* 0 / 
Ps'^s^O' ^""^ ^* ^̂  '^^ corresponding base heat transfer coefficient For 

* •^gAg = ^' Equation 10 predicts h/h* = 1.3, and for k g / k | = 1/2, Equa
tion 10 predicts h/h* = 0.65. On logarithmic coordinates, these three 
values give a slope of 0.5, in reasonable agreement with the value of 0.6 
suggested in the literature.(^6a) 

The model in its present form cannot be used to predict the effects 
on Nusselt number of Rp, pg, and G, because these variables influence 
9 (and probably a). 
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A model of heat t ransfer derived by Mickley and Fairbanks( '5) has 
also separated the heat capacity effect from nonthermal proper t ies . Their 
equation takes the form 

ho = V PmkmCsS , (11) 

where 

P,^ = mean density of quiescent bed; 

kjj^ = quiescent conductivity of part icle packets; 

S = s t i r r ing factor, a function of part icle packed residence t imes . 

Equation 8 has several advantages over this equation, both in utility and 
validity. F i r s t , the value of ho in Equation 11 is directly proportional to 
the square root of Cg, This would imply that as Cg approaches infinity, 
ho would likewise become infinite. As shown by experimental data, and as 
predicted by Equation 8, this is contrary to fact. Secondly, the value of ho 
in Equation 11 depends on a s t i r r ing factor. This factor is a function of the 
residence t ime of part icle packets, a value difficult to ascer ta in experi
mentally. Equation 8 is based on residence t imes of individual par t ic les , 
an eas ier quantity to measure . Finally, the hQ value of Equation 11 is de
pendent upon the thermal conductivity of the bed of part icles in their 
quiescent s tate . This would appear to indicate a dependence on both kg 
and kg. Upon analyzing the data of Mickley ^ al_,,'l*) it is found that the 
quiescent bed conductivity is almost exclusively dependent on gas thermal 
conductivity, and therefore the observed variation in hg with kjn is prob
ably due largely to variations in kg, as predicted by the present model, 

Residence Times 

It is of in teres t to compare the residence t imes back-calculated 
from Equation 8 with those measured experimentally by other workers and 
with those from simple theoretical models, van Heerden et al_.(^^) observed 
part icle residence t imes of one second at the external wall of a fluidized 
bed. Mickley et al,( ' observed residence t imes of 0,15-1 sec at an in
ternal heater in fluidized beds under various conditions, Brusenback^"' ob
served bubbles at a heater surface with frequency of the order of 0.5 sec. 
This would represen t the maximum residence time of his glass bead system. 

As a simple model, consider the free fall of a spherical particle at 
the surface of an internal heater . For free fall with zero initial velocity, 

e = V 2 ( y - y „ ) / g , 

where y - Yo ^̂  '•he heater length and g is the accelerat ion of gravity. For 
a cylindrical heater which is 2,5 in, long, this free-fall equation predicts 
e' = 0,11 sec . 
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Instead of assuming free fall, we may assume the fluid to be v i s 
cous and that Stokes' law is applicable. Then 

i ! l + m i l - s = 0. (12) 

de^ d9 

where 

m = 18 M/PsDp. and s = [1 - (Pg/Ps)]g-
Integration of Equation 12 gives 

y . y ^ = £ ( 9 + 1 e — ^ - i - ) , (13) 
° m \. m m/ 

Substitution of a se r ies expansion for e""^^ and retention only of t e rms 
up to second order results in the equation 

y - y e = 4 i ( l - ^ ) . (14) 

Using the propert ies of the fluidized system and a heater length of 
2.5 in., as in the cylinder experiment, we obtain 9 = 0.12 sec. Therefore, 
only a small change in 9 is found if the gas viscosity and density a re taken 
into account. This might be anticipated because of the relatively low v i s 
cosity of gases at room temperatures and p r e s su re s , and the low densities 
of gases compared "with those of solids. 

These calculated average residence times are minimum values for 
part icles falling with an initial vert ical velocity component equal to zero . 
Par t ic les falling along a contact surface of a fluidized bed are actually 
hindered by other particles adjacent to them. The true average residence 
t ime, therefore, is expected to be greater than that predicted from Equa
tion 14, The average value calculated from Equation 8 for the cylindrical 
heater is 0,29 sec. No simple calculational analogue is available for es t i 
mating a lower bound on 9 in the case of a spherical surface. 

VIII. Conclusions 

1. The thermal conductivity of the solid, kg, has negligible effect 
on the surface-to-fluidized bed heat transfer coefficient, h^. 

2. The coefficient h,., increases with increasing heat capacity of 
the solid, Cg. The rate of increase is less than l inear. 

3. A model based on absorption of heat by the part icle , in which 
a statist ical distribution of particle residence t imes is used, leads to 
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Equation 8, which predicts the experimentally observed dependence of h^ 
on Cg and kg. Fur the r , the derivat: 
independent of kg only if kg/kg > 5. 

4, Equation 8 predicts that the maximum attainable Nusselt num
ber for t ransfer from internal or external surfaces to gas-fluidized beds 
is approximately 7,2, This conclusion, which is supported by data in the 
l i t e ra ture , is valuable for process optimization, as it provides a standard 
of excellence, 

5, The model reduces the problem of determining the effects of 
thermal and physical proper t ies on ho to one of determining the effect of 
physical proper t ies on part icle residence t imes . The distribution function 
f(T), which should not be overly difficult to measure on external surfaces, 
is a function of nonthermal propert ies only, A theoretical approach for 
determining the dependence of particle residence time on nonthermal prop
erties is also feasible, 

6, The predicted dependence of hg on kg in Equation 8 is in ag ree 
ment with previous corre la t ions , 

7, Par t ic le residence t imes back-calculated from heat t ransfer 
coefficients were in agreement with previous observations and with results 
of simple theoret ical models. 
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PART C 

MASS TRANSFER TO FLUIDIZED SOLID PARTICLES 

I, Nomenclature - Pa r t C 

a BET surface area , sq ft/lb 

^ext external surface a rea of part icle, surface of particle contacted 

by flowing gas s t ream, sq ft 

ap total particle surface area, sq ft 

Cxp mass capacity of solid adsorbent, lb / ( lb /cu ft) (lb adsorbent) 

Dĝ  d i a m e t e r of a s p h e r e having s a m e e x t e r n a l s u r f a c e a r e a as 

the ac tua l p a r t i c l e , ft 

Dp a v e r a g e p a r t i c l e d i a m e t e r , g e o m e t r i c m e a n of s i e v e s i z e s , ft 

Dg d i a m e t e r of s p h e r e having s a m e v o l u m e a s a c t u a l p a r t i c l e , ft 

Dw c h a r a c t e r i s t i c d i m e n s i o n of the e x c h a n g e s u r f a c e , ft 

Di c h a r a c t e r i s t i c d i m e n s i o n of s p h e r i c a l e x c h a n g e s u r f a c e , s p h e r e 

d i a m e t e r , ft 

e bed vo idage or po ros i t y , d i m e n s i o n l e s s 

f(t) d i s t r i b u t i o n function for p a r t i c l e r e s i d e n c e t i m e , d i m e n s i o n l e s s 

g g r a v i t a t i o n a l a c c e l e r a t i o n , f t y h r 

*-̂ ' ^ m f m a s s ve loc i ty of g a s , ve loc i ty at m i n i m u m f lu id iza t ion , 

l b / ( h r ) ( s q ft) 

Gg C / e , l b / ( h r ) ( s q ft) 

ke m a s s t r a n s f e r coeff ic ient in s t i l l g a s , f t / h r 

kw, k o v e r a l l m a s s t r a n s f e r coeff ic ient , g a s - p h a s e coef f ic ien t , f t / h r 

m m a s s flow of diffusing s p e c i e s , l b / ( h r ) ( s q ft) 

r r a d i a l d i s t a n c e , ft 

Rp r a d i u s of p a r t i c l e ( a v e r a g e ) , ft 

Rg r a d i u s of s p h e r e having s a m e vo lume as a c t u a l p a r t i c l e , ft 

Re GD / i , d i m e n s i o n l e s s 

Re GD / / Je , d i m e n s i o n l e s s Sc / i /pDy , d i m e n s i o n l e s s 

Sh kgDw/D.^,, d i m e n s i o n l e s s 

Shg va lue t abu la t ed in Tab le 1 as a function of Reg and Sc , 
d i m e n s i o n l e s s 
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Sh' ( D / D ^ ) Sh, d i m e n s i o n l e s s 

Shw l^wDp/Dy, d i m e n s i o n l e s s 

t p a r t i c l e r e s i d e n c e t i m e , h r 

t a v e r a g e p a r t i c l e r e s i d e n c e t i m e , h r 

Vp p a r t i c l e v o l u m e , cu ft 

X p a r t i c l e c o n c e n t r a t i o n , lb a d s o r b e d / l b a d s o r b e n t 

x^, Xy bulk p a r t i c l e c o n c e n t r a t i o n , c o n c e n t r a t i o n while in l a m i n a r 

l a y e r , lb a d s o r b e d / l b a d s o r b e n t 

x.̂ ,̂ c o n c e n t r a t i o n a t s u r f a c e , lb a d s o r b e d / l b a d s o r b e n t 

X a d s o r p t i o n t e r m in E q u a t i o n 26, Sh.̂ ^̂  - Sh 

y g a s - p h a s e c o n c e n t r a t i o n , lb diffusing s p e c i e s / c u ft 

Yb' Ve g a s - p h a s e c o n c e n t r a t i o n in bulk of bed, at e q u i l i b r i u m , 

lb diffusing s p e c i e s / c u ft 

y , y^ c o n c e n t r a t i o n a t s a t u r a t i o n , a t wal l s u r f a c e 

Y d i m e n s i o n l e s s g r o u p of Equa t ion 3 

z d i s t a n c e t a k e n p e r p e n d i c u l a r to a flat p l a t e , ft 

Zr t h i c k n e s s of effect ive l a m i n a r gas l a y e r ad jacen t to s u r f a c e , ft 
G r e e k 

a shape f ac to r for g a m m a d i s t r i b u t i o n 

|6 s c a l e f ac to r for g a m m a d i s t r i b u t i o n 

fl n u m b e r of p a r t i c l e s pe r s q u a r e foot of s u r f a c e 

p,p gas d e n s i t y , p a r t i c l e dens i ty 

V s p h e r i c i t y , "^D^/siext 

a ^ / 0 

0 s u r f a c e a r e a f a c t o r , ( 6 / a p D ) ' / ^ 

S u p e r s c r i p t s 

* i n d i c a t e s p s e u d o - e q u i l i b r i u m va lue of g a s - p h a s e c o n c e n t r a t i o n 

II. I n t r o d u c t i o n 

P a r t s A and B of th i s w o r k have d e s c r i b e d w o r k involving s i m u l 
t a n e o u s h e a t and m a s s t r a n s f e r f r o m a s p h e r i c a l s u r f a c e to a bed of non-
a d s o r b i n g p a r t i c l e s . At ten t ion h a s b e e n g iven to the h e a t t r a n s p o r t t h e o r y . 
It i s the p u r p o s e of th i s s ec t i on ( P a r t C) to deve lop the m a s s t r a n s f e r a s p e c t 
of the w o r k . 
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There has been considerable study of forced-convection mass t r a n s 
fer to a fluid s t r eam flowing past the outside of a single sphere, Griffitm ' 
has given a comprehensive summary of the work in this area. 

As the part icles employed in the fluidized-bed experiments of 
Pa r t s A and B do not adsorb the diffusing species (water molecules) to any 
appreciable extent, the mass transfer from the sphere may be considered 
to occur in the continuous gas phase. If the two cases (i.e., those with and 
those without fluidized particles) are studied at the same average gas 
velocity, the differences in their mass transfer propert ies can be asso
ciated with the effects of particle motions on the gas-phase t ransfer . By 
suitably defining the effect of the particle motions, the equations predicting 
the Sherwood numbers (or mass transfer coefficients) for the system with
out fluidized particles present can be extended to the case in which the 
surface is surrounded by part ic les . One of the objects of this section will 
be to determine equations useful for the prediction of Sherwood numbers 
from a surface to a bed of nonadsorbing fluidized par t ic les . 

There has been only one report(15) of experimental work which 
descr ibes mass transfer from a fixed surface to a bed of fluidized solids. 
In this work of van Heerden_et al., f irst coke and then Devarda 's alloy 
were fluidized by an air s t ream in a column whose wall surfaces were 
coated with a layer of naphthalene. The mass t ransfer coefficients were 
measured at different bed tempera tures . These coefficients were found 
to be strongly dependent on the temperature , increasing with decrease in 
temperature . In their experiments, an additional mode of mass t ransfer 
was available which did not exist in the experiments of the present investi
gation, namely, particle adsorption. Adsorption on solids will depend con
siderably on the temperature . The capacity of a particle to adsorb 
molecules increases with decrease in temperature . It is apparent then 
that the mass transfer coefficient will increase if the capacity of the solid 
to adsorb is increased. No attempt was made by van H e e r d e n ^ al., to 
develop a model which would predict the Sherwood number (or mass t r ans 
fer coefficient) as a function of bed propert ies . 

Matter may leave a surface and enter a fluidized bed in at least 
four different ways: 1) continuous gas phase; 2) particle adsorption; 
3) wetting; 4) attrition. By properly controlling the surface conditions, 
3) and 4) can be made to represent only a small portion of the total; as 
will be discussed later. 

In addition to permitting a determination of the magnitude of the 
t ranspor t in the continuous gas phase, a theoretical model is proposed 
which describes the mass transfer by particle adsorption. An expression 
for the overall Sherwood number, which combines the effects of part icle 
and gas phase transport , is then developed, and the predicted values are 
compared with those obtained from the data of van Heerden et al. 
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III. Nonadsorbing Par t i c les 

Theory 

As previously mentioned, a survey of mass transfer by forced con
vection from the outside of a single sphere has been made by Griffith.(4) 
The relat ionship describing the mass transfer at the Reynolds numbers of 
the present investigation may be described as 

Sh = 2 + 0.60 Re ' / ^ S c ' / ^ (l) 

which is of a form originally proposed by Froessling(2) on the basis of 
boundary-layer theory and empir ic ism, and then modified to its present 
form by Ranz and MarshalL(l4) The first term on the right-hand side of 
Equation 1 is the limiting value of the Sherwood number for a Reynolds 
number approaching zero and negligible natural convection (i.e., a motion
less fluid). The second te rm on the right-hand side accounts for forced 
convection. 

For a sphere which is surrounded by a distended bed of part icles 
(i.e., a bed of stationary part ic les assuming the positions held in a fluidized 
bed at a given instant of time) the equation for Sherwood number must be 
modified to take into account bed voidage. This may be achieved by r e 
placing Re in Equation 1 by RCg = G^D^/fl, where Gg = c / e . This is not 
to be confused with any equation for fixed-bed mass transfer , in which 
cognizance of the "jetting" effect of the gas through the packing is neces
sary in evaluating the Reynolds number to be used. 

If the sphere is surrounded by fluidized par t ic les , however, in addi
tion to the effect of bed voidage on the superficial gas velocity, some effect 
of part icle motions on the value of Sh should be expected. In the experi
ments of this investigation adsorption by the part icles was negligible (state
ment verified later) and its effect on Sh small. Conceivably, another term 
might be added to Equation 1, with Reg replacing Re, to describe particle 
motion, and hence mixing of the gas adjacent to the surface. The factors 
which have an effect on part icle motion may be put into a form suitable 
for dimensional analysis , such as 

$ (¥) = * if, Dp, (pp -p ), p , g, M ' Ge - (Gg)mf) = constant. (2) 

Application of such an analysis to this functionof variables , which r e p r e 
sents part icle motions, resul ts in 

[Cg - (Ge)j„f J 
Y = (V'Dp)2(Pp-pjpg ^̂ ^ 
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Equation 1 may then be expanded to the following form 

Sh = 2 + 0.60 Re^/^ Sc'/^ + VY" ; G > G^ f̂, (4) 

for use in mass t ransfer from a sphere to a fluidized bed of par t ic les . The 
constants v and n are to be determined experimentally. 

If the substitution Shg = 2 + 0.60 Reg'̂ ^ Sc'"^^ is made. Equation 4 
becomes 

Sh = Shg + VY" ; G > G^f. (5) 

It should be noted that the group Y is based on the average diameter 
of the fluidized par t ic les , whereas Sh is based on the character is t ic dimen
sion D^ of the transfer surface (in the ease of the sphere, its diameter , Dg), 
When Ge is decreased to the value for minimum fluidization (the value below 
which no particle motion exists), Y becomes equal to zero and the Sherwood 
number is reduced to the value for a distended bed. Although Equation 5 was 
developed for a spherical surface, it is possible to use it to describe the 
transfer from any shape of surface providing the value for the Sherwood 
number Shg which pertains to that part icular surface is known. The appro
priate Sherwood numbers under different flow conditions a re given in 
Table 1, The values for v and n may vary for different surfaces owing to 
possible variations in particle motion at surfaces of different shape, 

IV. Experimental Results 

Experimental runs in beds "without fluidized par t ic les agreed well 
with Equation 1, as mentioned in Par t A. The experimental resul ts and 
fluidized-particle propert ies for the fluidized bed runs of Pa r t s A and B 
are given in Table 2. The sphericity factor, ^ , is obtained from Brown 
and Associates( 1) as a function of normal packing porosity (void fraction 
of stationary bed). It is used as an indication of particle shape and is 
equal to unity for a spherical part icle. 

To determine the constants v and n in Equation 5, Sh - Shg values 
were , with the corresponding values of Y, put to a l eas t - squares analysis . 
Runs 2 , 3 , and 4 for glass and 3 for nickel were omitted from the analysis. 
The rejected runs with glass part icles were found to exhibit s ta t ic-charge 
effects. In runs with glass after the first , part icles were observed coat
ing the Lucite column and the transfer sphere surface. The layer of sta
tionary part icles on the sphere is thought to reduce the effect of particle 
motion; as a result , little improvement in Sherwood number was possible. 
Run 3 for nickel was omitted on the basis of its being inconsistent with 
other measurements with the same par t ic les . By use of the resul ts of 
the remainder of the runs, the values n = 0.40 ±0.03 and v = 33.7 ± 2.5 
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P a r t C 
Table 1 

SHERWOOD NUMBERS FOR FORCED-CONVECTION MASS TRANSFER 

F low Di rec t i on 
and P ro f i l e 

Sphere —» 

F l a t Pla te—» ^ 

Cyl inder —» 

Cy l ind r i ca l Tube 
(Flow Inside) 

Cyl inder —^ • 

- — O 
— C D 
— O -^ o 
-* 0 
—" D 
— D 

— 6 
— 0 

She 

2 + 0,60 Re^ '^ S c ' ^ ' 
0.43 Re^ '^ S c ' ^ ' 

0.67 Re^ '^ S c ' / ' * 

0,23 + 0.43 Re4'^ 
0,60 Re i , ' ' 

0.023 R e i , " S c ' ' ' 

0.67 Re^^^ S c ' / ' 
0.0280 R e J . " 

She = BRe^** 

z 

0.588 
0.612 
0.624 
0,638 
0,638 
0,675 
0.699 
0.731 
0,702 
0,804 

B 

0,222 
0,224 
0.261 
0.138 
0,144 
0,092 
0.160 
0.205 
0,035 
0,085 

C h a r a c t e r i s t i c 
Length, D 

Diame te r 
D i a m e t e r 

Length in Flow 
Di rec t ion 

D i a m e t e r 
Dianneter 

D iame te r 

Length in Flow 
Di rec t ion 

Dianrieter of 
C i r c u l a r Tube 

of Equal 
Exposed 
Surface 

Reg Range 

0-1,000 
400-100,000 

<100,000 

0 ,1-1 ,000 
1,000-50,000 

1,800-30.000 

<60,000 
>100,000 

5,000-100,000 
2,500-15,000 
2,500-7,500 
5,000-100,000 
5,000-19,500 
8,000-100,000 
2,500-8,000 
4,000-15,000 

19,500-100,000 
3,000-15,000 

Or ig ina l 
Source 

(2,14) 
(17) 

(13) 

(11) 
(11) 

(10,3) 

(7) 
(7) 

(5) 
(9) 
(9) 
(5) 
(5) 
(5) 
(9) 
(9) 
(5) 
(9) 

• T h e o r e t i c a l 
**Table f rom Ref. (8). 

Material Used 

(SpheresI 

(Spheres) 

(SpheresI 

Run 

1 
2 

5 

1 

3 

1 
2 

4 

1 

3 
a 

1 
2 
3 

1 
2 
3 
4 

1 
2 
3 
4 
5 

G, 
Ib/(hrl(ft2| 

12.3 
92.6 

108,9 
124.7 
145.6 

92.5 
108,9 

124.7 

70.0 
108.9 

145.6 

72.3 
92,6 

108,9 
124,7 

45.2 
67.0 
86.2 

45.2 
67.0 
86.6 

108.6 

45.2 
61.0 
88.6 

124.7 
140.0 

e. 

0.689 
0.733 
0.776 
0.784 
0.7% 

0.722 

0,751 
0.763 

0.532 
0,632 

0.643 
0.644 

0.570 
0.618 
0,669 
0-678 

0.378 
0.495 
0.536 

0,378 
0.464 
0.556 
0.603 

0,328 
0.495 

0.556 
0,603 
0.610 

Parte 
Table 2 

EXPERIMENTAL RESULTS 

^e- , 
Ib/lhrXft^i 

104.9 
126.3 
140.0 
1590 
182.9 

128,0 
144.6 
163.0 

131.7 
172.2 
221.2 
226,3 

126.9 
150.0 

162.7 
183.8 

119.5 
135.2 
160.8 

119.5 
144.9 
159.2 
180.1 

119.5 
135.2 
159.2 
206.2 
229.3 

She 

6.90 
7,40 
7.70 
8.04 
8.49 

7.38 
7.72 
8.06 

7.48 
8.26 
9.06 
9.16 

7.40 
7.86 
8.09 
8,49 

7.24 
7.56 
8,07 

7.24 
7.76 
8.05 
8.45 

7.24 
7,56 

8.05 
8.90 
9.25 

Sh 

9.68 

14.17 
14,04 

13.57 

15.92 

12.28 

15.11 

13.70 
11.35 
9.48 

10.63 

8.80 
9.06 

10.35 

8.57 
9,39 

11.90 
10.72 

8.54 
9.34 

11.01 
10.80 
12.10 

D 2 , 1 0 » . 

Ib^t3 Ge-IG.L| 

118 
167 
1T2 

137 

160 

0-594 
07T8 
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were predicted, and an average standard deviation of 16.5% was found. 
Since one relatively large number has been subtracted from another (i.e., 
Sh - She) to determine the effect of particle motion, this deviation is sur
prisingly small. 

The deviation in the values of Sh predicted from Equation 5 and 
the experimental values will be considerably less. This can be seen from 
Figure 1. The Sherwood numbers were calculated from Equation 5 through 
use of the values of n and v evaluated from the experiment, that is, 

Sh Shp + 33.7 Y" G > Gmf. (6) 

Only two values have an error greater than 10 percent, and these are only 
slightly greater. Equation 6 has been verified for 93.4 < Reg < 201.8 and 
0.594 < Y X 10̂  < 27.2. It is expected that the useful Reg range might be 
extended to that at which the appropriate Shg is valid (see Table 1). How
ever, the validity of this last statement should be verified by experiment. 

Part C 
Figure 1 

AGREEMENT OF EQUATION 6 
WITH DATA 

The fact that Sh in
creases with increase in Y is 
useful in determining the ef
fect of bed properties on mass 
transfer. For instance, an 
increase in average particle 
size will reduce mass transfer 
as will an increase in particle 
density. The value of Y, and 
hence of Sh, decreases with 
increase in sphericity. Pos
sibly a particle of spherical 
shape (because of its low 
surface area-to-volume ratio) 
will disturb the gas layer less 
during a rotation than will a 
nonspherical particle. 

There may be varia
tion in the effects of particle 
motion as described by the 
term containing Y in Equa
tion 6 with different internal 

sn n.psrim.nioi) surfaces. However, when Equa-

108-6709 tion 6 with the appropriate 
Shg value was compared with 

data from a vertical flat plate in a fluidized bed,(6) agreement within 
15% was obtained. The variation might be caused by the different mix
ing patterns experienced by the particles along a vertical flat plate than about 
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the surface of a sphere. The calculated values were always low for the 
flat plate, and this would indicate a greater mixing contribution along flat 
plates than that given in Equation 6 for spheres . 

V. Adsorbing Par t i c l es 

Theory 

A model is proposed which predicts the mass transfer coefficients 
from surfaces to fluidized beds. A part icle is visualized entering the gas 
laminar layer adjacent to the fixed transfer surface, the gas being at the 
vapor concentration of the diffusing species, y^ , in equilibrium with the 
adsorbed quantity on the surface, x.̂ .̂ It is assumed that the part icle con
centration as it enters the laminar layer is that of the bulk of the bed, xi^. 
While residing at the surface, the concentration of the adsorbed mater ia l 
on the part ic le continually increases and may be denoted by the variable x^ 
at any instant of t ime. The part icle then re turns to the bulk of the bed, 
where it r e l eases the adsorbed species to the incoming gas phase until it 
reaches i ts equilibrium concentration, x^. 

Let m be the number of Ib/hr diffusing to (or from) a fluidized 
solid par t ic le . Then, 

m = Pp CTpV, ' ^ * (7) 
P dt • 

in which p and v a re effective part icle density and volume, respectively, 
and y* is the concentration which would be in equilibrium with x.̂ , if true 
equilibrium existed. Here , Cxp is the "mass capacity" at constant 
tempera ture : 

it r epresen ts the number of pounds of mater ia l which must be adsorbed by 
one pound of adsorbent to increase y* by one pound per cubic foot. 

Also, it is convenient to assume that diffusion to (or from) the 
par t ic les occurs according to the equation 

m = k^ap (yw - y ^ ) . (8) 

in which k^ is an overall mass t ransfer coefficient and ap is the particle 
surface a rea . 
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Combination of Equations 7 and 8 resul ts in 

dy* ^ 
CTp-57^ = K^iVw - Yv)' ^̂ ^ 

in which a is the BET surface area , equal to ap/ppVp. This a rea is 
readily measureable (see, for instance, Orr and Dallavale(12) for tabula
tion of a values and methods of evaluation). Integration of Equation 9 
over an interval of time t, gives 

- k ^ a t / C x p 
Yw - Yv = (YW - Yb) e . (10) * 

in which y ĵ is the concentration of diffusing species in the bulk of the gas 
and is assumed to be the concentration y when the particle initially enters 
the gas laminar layer adjacent to the surface, as there is a high degree of 
mixing in a fluidized bed. This quantity may be assumed equal to the exit 
gas concentration and in equilibrium with the solid concentration, x, . 

Application of the result of Equation 1 0 to Equation 8 gives 

- k c a t / C j p 
m(t) = kcap(yw " Y )̂ ^ , ( l l ) 

in which m(t) is the flux of material diffusing to a particle at time t. This 
equation is directly analogous with Equation 1 of Pa r t B. Its derivation is 
s imilar to that of Equation 1, derived on the basis that temperature g ra 
dients within the particle are negligible (see paragraph following Equa
tion 1, Par t B). 

To obtain the average weight adsorbed per fluidized-bed particle, 
it is necessary to assume a distribution of residence t imes. As men
tioned in Par t B, it is convenient to use the gamma distribution for many 

reasons: 

'^'^~-^::^r^' • ^''^ 
Then 

m = I m(t ) f ( t )d t = '-cap(yw-yb) ^ 

[' ^ CTp (a+l)J 

in which rn is the time-averaged mass flow of the diffusing species to 
(or from) the particle. 
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A mass balance is now set up in the following form: 

kw(Yw -Yb) = ^p"^ + kg(Yw - Yb). (14) 

in which k^ is the experimentally measured surface mass transfer coeffi
cient in beds of adsorbing par t ic les , k is the coefficient for mass transfer 
through the continuous gas phase, and ;Upis the number of adsorbing particles 
per unit a rea of surface. If the value of m given by Equation 13 is used. 
Equation 14 may be put in the form 

ISv 
Mpkc^p 

•+ k„ (15) 
k at 

1 + C,pp(a+ 1) 

The value of k,, to be used in Equation 15 is taken as the limiting 
value for adsorption upon a particle in still air (i.e., zero gas velocity and 
no free convection). The assumption of zero gas velocity in the laminar 
boundary layer of the gas at the surface is reasonable. Since the particle 
may be nonspherical and vesicular , the value of k ,̂ described in Appendix C 
for the nonporous sphere is not applicable. 

To obtain a value of k^ for porous mater ia ls it is convenient to handle 
the mass t ransfer equations by a procedure s imilar to that used for a sphere 
in Appendix C, but making appropriate changes. It is necessary to have the 
equations take into account the effect of available surface area . 

For porous particle it is possible to character ize the particle sur
face by a "surface a rea factor" 

0' = TiDl/ap (16) 

in which 7rD| is the surface a rea of a sphere of volume equal to that of the 
given part icle . Always 0^ is less than one, and only equals unity for the 
case of a nonporous sphere. 

The diameter of a sphere having the same surface area as the par
ticle is .y a /TT or, from Equation 16, Ds/0 (the corresponding radius is 
Rs/0) . The gas-phase heat transfer is considered to extend outward from 
this radius of a sphere of equivalent surface area . Then, following the 
procedure employed in Appendix C, 
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m = a kc(y<„ - yg) = -D^{4TTr^) - ^ 
^ d r 

and 

Yoo - Ye 

F i n a l l y , 

, . k D 27TD D 2V7rD 
l i m gj^, ^ _^_p ^ p _ s ^ p^ (j.^j 
6^00 D^ 0ap ^1^2 

in which D is the average diameter of a particle (given by screen analysis). 
For spherical part icles which are nonporous, Ds = Dp; ap = TTDg; and 
0 = 1 ; therefore, Sh' = 2. 

For a flat plate of infinite extent, a -• 00. Therefore, Sh' = 0. These 
two special resul ts confirm the values determined individually in Appendix C. 

Replacement of a by 7TDg/0^ in Equation 17 resul ts in 

Sh' = 20Dp/Ds. (18) 

For most fluidized bed part icles the assumption Dg ~ Dp is valid 
(see Appendix C for test of this assumption in the case of coke, a vesicular 
solid). Then Equation 18 reduces to the simple form 

Sh' = 2 0 (19) 

The value of kg appropriate for use in Equation 15 is then kg = 20D.^,/Dp. 
It might be noted that when Dp = Dg, Equation 16 becomes 

P - - -6 (20) 

'Pp ( ^ ) 
a P p ° P 

Therefore, the surface area factor may be calculated from measurable 
quantities: BET area , density, and average particle diameter . 
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_Mp 

The va lue of fi^ is a s s u m e d to be that for s p h e r e s of p r o j e c t e d 

d i a m e t e r D^ (the d i a m e t e r of a s p h e r e having the s a m e e x t e r n a l a r e a , 

a s the p a r t i c l e ) . S p h e r e s of d i a m e t e r D^ a r e a s s u m e d to be hexagona l ly 

p a c k e d a long the w a l l s u r f a c e , a s in F i g u r e 2. The t r i a n g l e r e p r e s e n t s 

the r e p e a t i n g s e c t i o n ; f r o m it the r a t i o of p r o j e c t e d p a r t i c l e a r e a to wa l l 

s u r f a c e a r e a m a y be c a l c u l a t e d . The tota l p r o j e c t e d p a r t i c l e a r e a wi th in 

the t r i a n g l e i s 7 T D V 2 . Then it fol lows that 

ex t ' 

p r o j e c t e d p a r t i c l e a r e a _ TTDI/Z -n 

surface area ~~/l~^ ~ ' ^ 

T h e p r o j e c t e d a r e a p e r p a r t i c l e i s 7 T D | / 4 . T h e r e f o r e , 

n o . p a r t i c l e s _ TT/z^/l _ 2 
Mr s u r f a c e a r e a 

7 r D | / 4 v 3 D a 
( 2 1 ) 

Parte 
Figure 2 

EVALUATION OF NUMBER 
OF PARTICLES PER UNIT 

SURFACE AREA 

T h e s p h e r i c i t y , ijj, p r e v i o u s l y m e n t i o n e d i n c o n n e c t i o n w i t h t h e 

Y f a c t o r f o r p a r t i c l e m o t i o n , i s d e f i n e d a s t h e r a t i o of t h e s u r f a c e a r e a , 

of a s p h e r e h a v i n g t h e s a m e v o l u m e a s a g i v e n p a r t i c l e t o t h e e x t e r n a l 

a r e a ( t h a t p o r t i o n of a p a r t i c l e s u r f a c e e n c o u n t e r i n g t h e f l o w ) . T h e r e f o r e , 

V = TiD^agxt = T T D ^ A D I . (22) 

Here, Dp is again substituted for Dg, and the value of ag^t follows from 

the definition of T>^. The range of ip for most fluidized-bed particles is 

from 0.5 to 1.0, with unity as the value for a spherical particle. The value 

of Da obtained from Equation 22 is then substituted into Equation 21 with 

the result that 

Mr Zipf-^/i Df>, (23) 

which may now be employed in Equation 15. With ip = 1 for spherical 

particles, the value of /ip as used in Part B is obtained. 

It is informative to compare the sphericity, ip, with the surface 

area factor, 0^. The sphericity is a measure of the external shape in 

comparison with that of a sphere of the same volume, whereas the surface 
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a rea factor is a measure of the total (internal and external) surface as com
pared with that of a nonporous sphere of the same volume. The sphericity 
i s , therefore, determined by measuring external proper t ies , such as effec
tive bed voidage [see, for example, Brown and Associates(l)] . The surface 
a rea factor, on the other hand, is obtained from the measurement of total 
surface propert ies , such as BET surface area (see Equation 20). To make 
the distinction even c learer , it might be stated that a porous sphere will 
have a ^ value of unity but a 0^ value less than unity owing to additional 
internal surface area . However, a nonporous sphere will have values of 
both Tp and 0 equal to one. 

Insertion of the proper values derived for kg and fl^ into Equation 15, 
and use of the value a = 1, which was the optimum as determined from the 
heat transfer experiments (see Par t B), yields the following result : 

Shw -
4Tr/v^ a 

6D t 
+ Sh ' , (24) 

1 + 
0D!,P„CT ^ p'^p -̂ p-i 

in which a = 0 /^ . 

For nonporous spherical part icles , 0 = 0 = 1, and Equation 24 re 
duces to a form which is analogous to that of Equation 8a in Pa r t B. The 
"pr imes" on the Sherwood numbers indicate that the character is t ic di
mension of length is that of the particle (i.e., its diameter), and not of the 
wall or fixed surface. To convert unprimed to primed Sherwood number, 
use is made of the equation 

Sh' (V°v Sh. (25) 

The values of Sh are obtained from Equation 5. Sh' represents the transfer 
through the pure gas phase which is being mixed by the moving part ic les . 
The first term on the right-hand side of Equation 24 represents the contribu
tion to the overall Sherwood number, Sh^, via particle adsorption. 

CTp 

The mass capacity of a solid adsorbent for a species in the gas 
phase has been defined ear l ier . The property may be evaluated from equi
librium data (yg vs Xg) at the temperature of the system, van Heerden, 
et al . ( l°) have obtained such equilibrium information for the a i r -
naphthalene system with coke and Devarda's alloy as adsorbents. This 
was accomplished by passing a known concentration of naphthalene vapor 
in air mixture through a given weight of fluidized part ic les . By a continuous 
analysis of the exit gas concentration, the amount adsorbed was known as a 
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function of t ime. The outlet concentration was assumed to be in equilib
rium with the concentration adsorbed on the part ic les . This assumption 
was justified by van Heerden by means of an analogy with heat transfer: 
"Just as the high heat capacity of the circulating particles establishes a 
constant temperature throughout the bed, the relatively high adsorption 
capacity of the part ic les maintains a constant naphthalene concentration." 
Curves of y vs x varied significantly with change in the isotherm tem
perature . However, by plotting values of partial saturation y / y vs Xg, 
the variation with temperature as parameter was considerably reduced. 
The l inear portion of two isotherms for coke and one for Devarda's alloy 
as obtained by van Heerden et al. are given in Figure 3. 

/ 

/ / / 

/ 

Par t C 
Figure 3 

EQUILIBRIUM CURVES FROM 
DATA OF VAN HEERDEN 

108-6710 

From the definition given ear l ier for mass capacity of a particle, 

' e ' T 
>Tp 

which is to be evaluated at the yg or Xg for which Cxp is desired. To ob
tain Cxp from Figure 3, this equation may be put into the form 

"Tp 
(26) 
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VI. Agreement of Theory with Data 

In addition to the equilibrium isotherm studies, van Heerden et al.( ' 
have measured mass transfer coefficients from a surface to a bed of ad
sorbing par t ic les . In these experiments, naphthalene was coated on the 
inner wall of a cylindrical column instead of entering with the inlet air 
s t ream. Values calculated from the data of these experiments for the 
purpose of testing the applicability of Equation 24 are given in Table 3. 
The Cxp values are obtained from Figure 3 and Equation 26. The values r e 
ported are the average of those at the bulk ŷ ., and mean film y, concentrations. 
As the wall is completely coated with naphthalene, it is assumed that the gas 
concentration associated with it is the saturation concentration; therefore, 
Yw ~ Ys- Most of the values of y^^/yg and yj/yg lie in the linear region of the 
equilibrium curve. The slope of the curve of Figure 3 and the value of yg at 
these partial saturation values will, therefore, be constant for most runs, and 
consequently Cxp is the same at both y^ and yf. In the nonlinear region, 
slope values must be computed corresponding to the two points ŷ ^ and yf ; the 
resulting Cxr, values are then averaged. In evaluating the Cxp of coke some 
interpolation (extrapolation) was necessary for the different temperatures of 
the runs. No such compensation was possible for Devarda's alloy, because 
only one isotherm was available. The values of Sh calculated from Equa
tion 24 are compared with the experimental values of Sĥ ^ in Table 3. Ap
proximate values of Sh' are obtained from Equation 6. The reader is r e -
referred to Appendix C for all pertinent calculations. It is apparent that the 
equation developed for adsorbing particles (i.e.. Equation 24) is accurate 
only at the higher adsorbing rates for each type of particle, with less agree
ment for the cases of lower adsorption rates (when adsorption is negligible 
good agreement is again obtained since ShA, -» Sh'). 

Coke 

D e v a r d a ' s 
Alloy 

Pa r t C 
Table 3 

COMPARISON OF EQUATION 24 AND DATA OF VAN HEERDEN ET A L . d 

T e m p , 
°C 

5,1 
13,0 
14,8 
26,2 
31.1 
33,0 

6,4 
13,2 
20,5 
42,5 

Ys " 10 ' . 
l b / f t ' 

4.68 
10.60 
13.1 
39.2 
64,9 
75.5 

5.43 
11.2 
61,0 

168.0 

yb>' 1°'. 
lb / f t 

3,37 
6.24 
8.10 

17,5 
23,7 
20,0 

1.56 
3.12 

10.0 
16,8 

yj X 10' , 
lb / f t 

4,02 
8.4 

10,6 
28,7 
44,3 
47,6 

3,5 
7,2 

35,5 
92,5 

Vb 

ys 

0,72 
0.59 
0.60 
0.45 
0,37 
0,26 

0,29 
0,27 
0,16 
0,10 

* 
yf 
ys 

0.86 
0.80 
0,81 
0.73 
0,69 
0,63 

0,65 
0.64 
0.58 
0.55 

C T P , 
f t y i b 

58.9 
27.2 
22.0 

7,90 
5,02 
4.40 

3.61 
1.75 
0,40 
0,15 

Dv. 
ftVhr 

0,214 
0,224 
0.226 
0.242 
0,247 
0,250 

0.216 
0.224 
0,247 
0,263 

Sh', 
ca lc by 
Eq, 6 

0,03 
0,03 
0.03 
0.03 
0,03 
0,03 

0,023 
0.023 
0.023 
0,023 

6) 

Sh^ , 
ca lc by 
Eq. 24 

1.24 
0,36 
0.25 
0.06 
0,04 
0.03 

0,31 
0,10 
0.027 
0,024 

Shi,, 
exptl 

1,47 
0.84 
0.81 
0,43 
0.31 
0.19 

0,31 
0,24 
0.12 
0,06 

A possible explanation for the deviation from the predicted model 
is attributed to the increased e r ro r in the assumed value oi fi„ as the ad
sorption decreases . The effective gas laminar region includes in these 
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instances a considerably greater number of part ic les than would be present 
in a single layer of par t ic les as was assumed. The thickness of the gas 
laminar layer may be writ ten as 

Zf = Dv(ys - Yb)/m', 

where m ' is some average flux into the gas phase. The value of m ' is a s 
sumed (consequences of this assumption are discussed below) to vary lin
early with the mass velocity of the gas. Therefore, 

zf Dv (Vs " Vb) 

P p 

Proport ionali ty 27 is a measure of the number of particle layers 
within the laminar gas layer and, hence, is indicative of the deviation from 
the assumption of a single part icle layer used to calculate ^ It might be 
pointed out justifiably that m ' is not proportional to G as was assumed. 
However, G was a constant in all runs and therefore serves only to make 
the group of which it is a part in Proportionality 27 dimensionless. If m' 
is any function of G other than a linear one as assumed, it would only have 
the effect of changing the constant of proportionality. 

In order to isolate the effect of an e r r o r in fi it is convenient to 
label the group on the right-hand side of Equation 24 (that containing Ûp) X. 
A value of X may be determined from the experimental Sherwood number 
STri by the expression 

Xg^„ = Sh^ - Sh'. 
exp ^^exp 

The rat io of XgalcZ-^exp l'̂  plotted in Figure 4 as a function of 
13V(YS " Yhvl-*p^ *° ascer ta in any possible systematic deviation in the cal 
culated X value. It can be seen that the best agreement occurs for both 
systems at the lowest values of (y - y^)D^/D G. This indicates that best 
resul ts a re obtainable for the case in which the number of effective particle 
layers is smal les t , and hence those cases for which the assumptions in
volved in the derivation of/i a re most likely to be correc t . 

As the value of (yg - y^^)D.j^/DpG increases , the value of Sh^ ap
proaches Sh'. In van Heerden's experiments Sh^ most closely approached 
Sh' for Devarda 's alloy at 42.5°C, which corresponds to the highest value 
of (yg - yi,)Dv/DpG, namely, 1.05 x 10"*. The values of this group evaluated 
for the par t ic les discussed in the section entitled "Nonadsorbing Par t ic les" 
were typically of the order 10"^. This lends justification to neglect of the 
effects of gas adsorption on those par t ic les . 
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LO 

.9 

,8 

.7 

a 
• .6 

X 
*v 

1 -5 
X 

.4 

.3 

.2 

Par t C 
Figure 4 

DEVIATION IN X AS A FUNCTION OF (yg - y^,)D.^,/DpG 

-

-
o = DEVARDA'S ALLOY 
• = COKE 

-

1 1 l l l l l l 

\ — 1 0 % ERROR 

\ 

\ 

i ^ ^ r * ~ i 1 1 
0,6 0,8 1,0 2 4 6 8 

[(Vs-yb) Dv/DpGjxiO« 

In summary, it might be stated that equations are developed for 
predicting with good accuracy Sherwood numbers for nonadsorbing par
ticles (see Equation 5) and highly adsorbing particles (see Equation 24). 
Under intermediate conditions of adsorption, deviations of the predicted 
Sherwood numbers from the experimental values occur which are found 
to be related to the group (yg - y(j)Dy/D G. 
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APPENDIX A 

ERROR CAUSED BY THERMOCOUPLE NOT BEING AT SURFACE 

A simple model is chosen to determine the temperature a t - ^ in. 
from the surface of the sphere. 

The conditions of the problem was as follows: Sphere 0£r<a ; ini
tial t empera ture , V; constant surface temperature , Vg; temperature at 
distance r is v. 

F rom Carslaw and Jaeger , Conduction of Heat in Solids, Oxford U. 
P r e s s (1950), 

. / T T *r t f ^ 
exp 

( 2 n + l ) 2 a 2 

4K;t 

where 

K = a/p c , 
' P 

v is assumed to be constant at the final steady-state value, and V is a s 
sumed to be the air tempera ture . 

Let t = 10 min, a typical steady-state value. 

It is necessary to ca r ry out the ser ies expansion to n = 27 before 
t e rms of second order a re reached. At this point 

v - Vs 
= 0.050. 

Carrying out the se r i es to further t e rms could only reduce this ratio. 
Therefore, the maximum percent e r ro r calculated by this model is 5%. 
Calculated coefficients would tend to be high from this effect. 

Convection of water in the pores and deviations from steady state 
will reduce the accuracy of this model. Therefore, no attempt was made 
to co r rec t the t empera tu res on the basis of this e r r o r calculation. 

Description of Dew Point Recorder 

A small controlled sample is tapped from the exit gas into the dew 
point instrument. The sample flows into a leak-tight gas chamber having a 
m i r r o r for one of its walls . The gas is made to flow past this m i r r o r su r 
face. The m i r r o r tempera ture may be adjusted by a built-in refrigeration 
system and e lec t r ica l heating coils. A beam of light is directed at the 
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m i r r o r and the reflected light is picked up by a photocell unit. If the m i r 
ro r temperature drops below the dew point, condensation occurs and the 
light reflection is reduced. The output of the photocell is amplified and 
controls the heater. Therefore, when condensation commences, heat is 
supplied to the surface as a consequence of the decrease in photocell pick
up. The temperature then r i ses slightly above the dew point until the m i r 
ror c lea rs . After clearing, refrigeration again occurs. In this manner the 
photocell "hunts" the dew point. A fine thermocouple constantly records 
the m i r r o r temperature . The instrument was guaranteed to within 2°F 
absolute accuracy and was calibrated to give 1 °F accuracy. 

EXPERIMENTAL DATA 

Material 

No Par t ic les 

Copper 

A-Fused 
Alumina 

B-Fused 
Alumina 

Glass 

Run 

1 
2 
3 
4 

1 
2 
3 
4 

1 
2 
3 
4 
5 

1 
2 
3 

1 
2 
3 
4 

G 

124.7 
163.2 
218.0 
145.6 

70.0 
108.9 
145.6 
142.2 

124.7 
145.6 

72.3 
92.6 

108.9 

92.5 
108.9 
124.7 

72.3 
92.6 

108.9 
124.7 

e 

1.0 
1.0 
1.0 
1.0 

0,532 
0.632 
0.644 
0.643 

0.784 
0.796 
0.689 
0.733 
0.776 

0.722 
0.751 
0.763 

0.570 
0.618 
0.669 
0.678 

Gg 

-
-
-
-

131.7 
172.2 
226.3 
221.2 

159.0 
182.9 
104.9 
126.3 
140.0 

128.0 
144.6 
163.0 

126.9 
150.0 
162.7 
183.8 

Gmf 

-
-
-
-

22.2 
22.2 
22.2 
22.2 

40.7 
40.7 
40.7 
40.7 
40.7 

15.7 
15.7 
15.7 

19.7 
19.7 
19.7 
19.7 

Re 

111.0 
144.2 
192.2 
129.6 

62.4 
96.9 

129.6 
125.8 

111.0 
129.6 
64.4 
82.5 
96.9 

82.5 
96.9 

111.0 

64.4 
82.5 
96.9 

111.0 

he 

3.13 
3.79 
4.04 
3.12 

34.0 
42.8 
34.0 
36.5 

73.3 
73.3 
40.5 
76.0 
66.0 

62.4 
57.9 
49.5 

100.9 
81.1 
84.8 

100.5 

J^ 
11.9 
15.6 
17.1 
12.3 

21.4 
23.0 
26.4 
27.4 

24.7 
24.5 
16.9 
21.9 
21.3 

23.7 
27.0 
27.8 

23.9 
18.1 
16.6 
18.6 

Material 

Copper 

A-Fused 
Alumina 

B-Fused 
Alumina 

Glass 

Run 

1 
2 
3 
4 

1 
2 
3 
4 
5 

1 
2 
3 

1 
2 
3 
4 

h' c 

3.25 
3.62 
4.04 
4.00 

3.51 
3.71 
3.00 
3.21 
3,35 

3.22 
3.37 
3.53 

3.22 
3.43 
3.54 
3.71 

k' 
y 

13,1 
14,5 
16.1 
15.9 

14.1 
14.9 
12.1 
13.0 
13.5 

13.0 
13.5 
14.2 

13.0 
13.8 
14.2 
14.9 

( h ' / k ' ) c' y 

0,247 
0.250 
0.250 
0.251 

0.249 
0.249 
0.247 
0.248 
0.249 

0.249 
0.249 
0.249 

0.248 
0.249 
0.249 
0.249 

5,29 
5.76 
6.60 
6.88 

6.15 
6.11 
4.16 
5.42 
5.30 

5,90 
6.73 
6.92 

5.92 
4.51 
4.14 
4.65 

k / k ' 
y' y 

1,6 
1.6 
1.6 
1.77 

1.8 
1.6 
1.4 
1.7 
1,6 

1.8 
2 .0 
2 .0 

1.8 
1.3 
1.2 
1.3 

(hj-ht)/h^ 
X 100% 

6.0 
5.0 
7.5 
7.9 

3.6 
3.3 
2.9 
2.9 
3.0 

4 .3 
5.8 
6.8 

2.7 
1.3 
0.7 
0.9 

h 
P 

28,7 
37,0 
27.4 
29.6 

67.1 
67.2 
36.3 
70.6 
60.7 

56.5 
51.2 
42.6 

95.0 
76.6 
80.7 
96.1 

X 100% 

84.5 
86.5 
80,6 
81.1 

91.6 
91.6 
89.8 
93.0 
92.1 

90.6 
88.5 
86.2 

94.2 
94.4 
95.2 
95.4 
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Nickel 

Copper 

Solder 

1/2-IN, SPHERE, SIMULTANEOUS 
HEAT AND MASS TRANSFER 

G, 
lt/hr-£t^ 

13.4 
20.2 
45.2 
67.0 
88.6 

108.9 

13.4 
20.2 
45.2 
67.0 
86.2 

13.4 
45,2 
67.0 
88,6 

124.7 
140,0 

he. 
Btu/hr-ft^-°F 

14.9 
18.5 
76 
98 

106 
87 

16.0 
18.7 
69 
90 
99 

12,8 
44 
72 
77 
71 
80 

Mass Transfer 
Coefficient, 

Ib/hr-ft^-atm 

0.388 
0.432 
0.513 
0.561 
0.717 
0.642 

0.410 
0,409 
0.526 
0,542 
0.619 

0.409 
0.510 
0.558 
0.659 
0,645 
0,724 

1/2 X 2-1/4-IN. CYLINDER; 
PURE HEAT TRANSFER 

C, 
Ib/hr-ft^ 

13.4 
20.2 
50.5 
67.0 

13.4 
20.2 
45.2 
67,0 
86.2 

20.2 
39.7 
47.9 
68.5 
94.5 

hc' 
Btu/hr-ft^-°F 

7.4 
7.4 

111 
109 

7.5 
7,8 

96 
114 
96 

7.4 
34 
81 
83 
81 
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A P P E N D I X C 

SHERWOOD NUMBERS F O R P A R T I C L E S IN S T I L L FLUIDS 

A. F l a t P l a t e 

yd 

Then 

a n d 

Let 

yg - g a s - p h a s e c o n c e n t r a t i o n a t d i s t a n c e z f r o m s u r f a c e ; 

y t - g a s - p h a s e c o n c e n t r a t i o n a t d i s t a n c e 6 f r o m s u r f a c e ; 

yp - g a s - p h a s e c o n c e n t r a t i o n a t s u r f a c e of p a r t i c l e . 

Kivo. 

-JIS. d z = _ 

° v j y. 

d z 

"^6 
dyg. 

y p 

w h e r e y ^ i s the c o n c e n t r a t i o n a t an infini te d i s t a n c e f r o m s u r f a c e . Thus 

i!ci _ y6 - Yp. 
D v Y „ - Yp ' 

S h 
kx X ^6 LP. 

"" D v S Vcc - Yp* 

l i m 
5 - . 0 0 

Shv 
l i m X Y5 " Yp _ 

6 -"» 6 Yoo - y 
0. 



B. Sphere 

For the spheres 
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m = 47rR^k^(y^ - yp) = -D^(47rr2) Z l ; 
dr 

Sh' 
kcDp 2kcRp y5 - Yp . 

Dv Dv(Rp+ <5) " " ya, - Yp' + 2 

l i m Sh' lim 
6 -"CO 

2k , ^ 
Dv(Rp + 6) 

lim 
6 - » CO 

2(YX -y„ ) ' 

Yp 
= 0 + 2 = 0. 

ERROR IN ASSUMPTION Dg = Dp FOR COKE 

van Heerden ^ ^ . (see Ref. 1 5 of Par t C) determined the effective 
diameter De (diameter of spherical particles having the same number of 
par t ic les per unit volume at maximum porosity of fixed bed as do the actual 
par t ic les at maximum porosity) of a sphere. 

For coke, De = 1-2 Dp, for which Dp is the average diameter (screen 
analysis). 

The maximum porosit ies for afixed bed are given as egp^eres =0.406 
and ecoke = 0.564. 

L e t 

n = number of part icles per unit volume 1 - 0.406 1 - 0.564 
7TDi/6 
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T h e r e f o r e 

0.436 TTDe 
1.25 m-' P " 0 . 594 ' ^ 6 

By def in i t ion , 

Vp = ^D^g/6. 

H e n c e , Dg = 1.08 Dp, or the e r r o r in a s s u m i n g Dg = Dp is wi th in 8%. 

In d e t e r m i n i n g the we igh t of a p a r t i c l e , if the d i a m e t e r Dp is u s e d 
a s the d i a m e t e r of a s p h e r i c a l p a r t i c l e ( i . e . , Vp = TrDp/6), the d e n s i t y 
m u s t be c o r r e c t e d . F o r coke , pp = P s / l . 2 5 = 1 2 2 . 2 / 1 . 2 5 = 9 6 . 6 l b / f t ^ 

As D e v a r d a ' s a l loy i s r e l a t i v e l y n o n v e s i c u l a r and a s the n e c e s s a r y 
Dg w a s not a v a i l a b l e , pp = pg w a s a s s u m e d . 

CALCULATIONS F O R T A B L E 3 

T y p i c a l c a l c u l a t i o n s of Sh|^ for both coke and D e v a r d a ' s a l loy a r e given. 

Coke a t 13.0°C 

van H e e r d e n ' s da ta : 

yg = 10.60 X 10" ' ; y^ = 6.24 x 10"^ Ib/ft^ ; 

+ 10.60 X 6,24 . f, / , 
y* = ^ X 10 ^ = 8.42 X 1 0 ^ Ib/ft^ ; 

yf Vb 
— = 0 .80 ; = 0 . 5 9 . 
Ys Ys 

A s both of t h e s e p a r t i a l s a t u r a t i o n v a l u e s l ie on the l i n e a r p o r t i o n of the 
c u r v e of F i g u r e 3 of P a r t C, f r o m Equa t ion 26 we obta in: 

35.25 - 18.00 1 10-^ / , / , . 

^ T p = 0 . 8 0 0 - 0.200 ''T0-b0''W^ = i l ^ i V l b (ib/ft^)-

Dy at 13.0°C = 0.224 f t V h r . 

Pp = 96.6 Ih/it'; Dp = 2.8 X 10-" ft, a = 2850 f t V l b . 
t = 1 s e c . 
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The porosity at loosest possible packing is 0.56. From Brown and associ 
ates (see Ref. 1 of Pa r t C, p. 214), the corresponding sphericity is ^ = 0.65. 
F r o m Equation 2 0 of Pa r t C 

2850 X 96.6 x 2.87 x 10" 

0.275/0.65 = 0.423 . 

= 0.275; 

An approximate value for Sh may be obtained from Equation 6 by use of the 
Shg corresponding to flow through a cylindrical tube from Table 1: 

Sh = k D ^ / D V = 0.023 Re°-" Sc"-"" + 33.7 Y°-" 

11.5 + 14.9 = 26.4, 

Then 

Sh' = kgDp/D^ = 2.87 x 10' 
0.288 

26.4 = 0.026 or 0.03. 

All the values necessary a re now known and may be substituted in 
Equation 24: 

Sh' 
4Tr/ v ^ x 0.423 

r ^ 6 X 0.244 X 1/3600 ' 
[ 0.275 X (2.87x 10"")^ X 96.6 X 27.2 

•+ 0.03 

= 0.33 + 0.03 = 0.36. 

Devarda 's Alloy at 6.4°C 

yb 

5.43 X 10" 

1.56 X 10" 

y* = 3.5; y*/y^ = 0.65; y ^ y ^ = 0.29 

17.75 - 6.00 ^ x 4 4 ^ = 3.61 lb/lb (Ib/ft^); 
^ T p 0 . 8 0 0 - 0 . 2 0 0 ^ ^ 5 . 4 3 ^ 1 0 " 

Dy = 0.216 ftVhr; Pp = i3± Ib/ft^ Dp = 3.65 x 10'" ft; 

a = 260 f ty ib ; "t = J_ sec. 
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The porosity at loosest packing is 0.53; from Brown( ' tp = 0.66. 

Then 

0.434. 
\/260 X 336 X 3.65 x 10"* 

a = 0.434/0.66 = 0.656. 

Sh = kgD^/Dy = 11.5 + 6.3 = 17.8. 

Sh' 

SK 

kgDp/D, 
3.65 x 10-

0.288 
x 17.8 = 0.023. 

471/ y F x 0.656 

6 X 0.216 X 1 x 3600 
0.434 X (3.65x10-*)^ x 3 3 6 x 3 . 6 1 

0.29 + 0.02 = 0.31. 

+ 0.023 
kwDp 
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